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Abstract 

In these notes we present an introductory review on various topics 
about low energy pion physics (some kaon physics is discussed as well). 
Among these, we include the uses of analyticity and unitarity to describe 
partial wave amplitudes (for which we give accurate and economical para- 
metrizations) and form factors; (forward) dispersion relations; and the use 
of the Froissart-Gribov representation to evaluate accurately the low en- 
ergy parameters (scattering lengths and effective ranges) for higher (i > 1) 
waves. Finally, we describe some pion physics in QCD and then pass on 
to study the nonlinear sigma model, and the chiral perturbation theory 
approach to low energy pion interactions. 

Most of the results presented here are well known, but we also give a 
set of state of the art, precise determinations of some scattering lengths 
as well as an independent calculation of three of the parameters I2, I4, le 
(to one loop), and one /2, to two loops, that appear in chiral perturbation 
theory. The S waves are discussed and compared with chiral perturbation 
theory expectations, and the same is done for larger I scattering lengths 
and effective range parameters. Also new is the evaluation of some electro- 
magnetic corrections. 
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1. Introduction 



-INTRODUCTION- 



1.1. Foreword 

The matter of parametrizations and uses of pion-pion partial waves (p.w.), form factors and 
correlators, in particular in connection with resonances, received a great deal of attention in the 
late fifties, sixties and early seventies of last century -until QCD emerged as the theory of strong 
interactions and such studies were relegated to a secondary plane. In recent times a renewed interest 
has arisen in this subject and this due to, at least, the following reasons. One is the popularity 
of chiral perturbation theory calculations (to which the last part of these notes is devoted), in 
particular of low energy tttt parameters: scattering lengths and ranges, pion charge radius, etc. A 
second reason is the use of low energy calculations of the pion form factor to get precise estimates 
of the muon magnetic moment or the value of the QED charge on the Z particle. And last, but 
certainly not least, we have the appearance of new experimental data on hadronic t decay, the pion 
electromagnetic form factor and on K^/^ decay. The existence of these data allow a much improved 
determination of low energy pionic observables. 

Unfortunately, some of the old lore appears to be lost and indeed many modern calculators 
seem to be unaware of parts of it. In the present review we do not present much new knowledge, 
but mostly intend to give an introductory, easily accessible reference to the studies of scattering 
amplitudes, form factors and correlators involving pions in the low energy region: our aim is, in 
this respect, mainly pedagogical. 

Nevertheless, some very recent results are reported. These include parametrizations of the 
lowest waves (S, P, D, F) in tttt scattering which are compatible with analyticity and unitarity 
and, of course, experimental data, depending only on a few (two to four) parameters per wave. 
This is used to evaluate forward dispersion relations and the Proissart-Gribov representation of 
the P, D and higher waves. From this there follow very precise determinations of the corresponding 
scattering lengths and effective range parameters. Using this, as well as the results on the P wave 
following from the electromagnetic pion form factor and the decay r — » vn^i^'^ , we obtain, in 
particular, a precise determination (however, only to one loop) of some of the I parameters in 
chiral perturbation theory, as well as an evaluation of some electromagnetic corrections. The scalar 
radius of the pion is another example. 

The plan of this review is as follows. In Chapters 1 and 2 we describe brief!}' the analyticity, 
unitarity and high energy properties of various quantities (correlators, form factors, partial waves 
and scattering amplitudes) . The elements of the effective range formalism and the characterization 
of resonances are given in Chapter 3. These topics are illustrated in a simple model in Chapter 4, 
while in Chapter 5 we extend the previous analyses (including the requirements of unitarity) to 
the multichannel case. 

The core of the review is contained in the last four chapters. In chapters 6 and 7 we apply 

the tools described before to the study of partial wave amplitudes and scattering amplitudes for 
TTTT scattering and to fit the pion form factors, electromagnetic and scalar. Here we also implement 
simple parametrizations of partial wave amplitudes consistent with analyticity and unitarity, and 
fitting experimental data; this should be useful to people needing manageable representations of 
TTTT phases, as happens e.g. for J/^ jTnT studies. Then we discuss (Chapter 7) how the various 
theoretical requirements (fixed t dispersion relations and the Proissart-Gribov representation) may 
be used to check compatibility of the results found with crossing symmetry and analyticity for the 
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scattering amplitudes. The Proissart-Gribov representation is also used to get precise determina- 
tions of low energy parameters for the waves with I = 1 and higher. With respect to form factors, 
the Omnes-Muskhelishvili method is employed to perform an accurate fit to the pion form factor, 
obtaining in particular precise values of the corresponding low energy parameters, and also to give 
a reliable determination of the scalar radius of the pion. Something which is missing in this review 
is the Roy equations analysis; there are in the literature three recent papers (Ananthanarayan et 
al., 2001, Colangelo, Gasser and Leutwyler, 2001, Descotes et al., 2002) that fill this gap. Some 
of the results we obtain are summarized in Sect. 7.6 where, in particular, we present a discussion 
of the results of Descotes et al. (2002) and, especially, Ananthanarayan et al. (2001) and Colan- 
gelo, Gasser and Leutwyler (2001); in particular, in view of the criticism of the last by Pelaez and 
Yndurain (2003a), Yndurain (2003b). 

In Chapter 8 we remember that pions are made of quarks, and that we have a theory for the 
interactions of these, QCD. We discuss invariance properties of the QCD Lagrangian, in particular 
chiral invariance that plays a key role for the dynamics of pions. We use this and PCAC to derive 
relations between the masses of the quarks and the pion and kaon masses, and to study pion 
decay. Finally, in Chapter 9 we develop the consistent description of pion dynamics based on chiral 
invariance, known as chiral perturbation theory. In the last sections of this chapter we use the 
results obtained in Chapters 6 and 7 to test the predictions of chiral perturbation theory, and show 
how to obtain values for the parameters on which it depends. 

Before entering into the main body of these notes, it is convenient to clarify what is to be 
understood as "low energy." Above energies s^/'^ of, say, 1.3 ^ 2 CeV. porturbativc QCD (or 
Regge theory, as the case may be) is applicable; we will be very little concerned with these energies. 
At very low energies, s^/^ <C Aq, where Aq is a scale parameter that (depending on the process) 
may vary from 600 MeV to 47r/^ ^ 1.1 GeV, chiral perturbation theory is applicable; this we 
treat in detail in Chapters 8 and 9. Between the two energy scales, analyticity and unitarity allow 
at least an understanding of pionic observables. This understanding certainly holds until inelastic 
production begins to become important. This means that we are able to cover the energy range of 
§1/2 below 1.42 GeV. 

These notes are primarily about pions. However, in some cases kaons and (to a lesser extent) 
etas are treated as well. 

1.2. Normalization; kinematics; isospin 
1.2.1. Conventions 

Before entering into specific discussions we will say a few words on our normalization conventions.^ 
If S is the relativistically invariant scattering matrix we define the scattering amplitude F for 
particles A, B to give particles Ci by 

(Ci, . . . , Cr,\S\A, B) = \5{Pf - P,)F{A + S -> Ci + • • • + C„). (1.2.1) 

We take the states to be normalized in a relativistically invariant manner: if p is the four- 
momentum, and A the helicity of a particle, then 

{p, X\p', A') = 26xx'PoHp - P')- (1-2.2) 

^ We assume here a basic knowledge of S matrix theory, in particular of crossing symmetry or partial wave 
expansions, and of isospin invariance, at the level of the first chapters of the texts of Martin, Morgan 
and Shaw (1976) or Pilkuhn (1967). 
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Figure 1.1.1. Two particle scattering. 



We will seldom consider particles with spin in these notes. Particles with spin pose problems of 
their own; the generalization of our discussions to spinning particles is not trivial. 

It is the function F, defined as in (1.2.1), with the states normalized as in (1.2.2), the one 
which is free of kinematical singularities and zeros. That is to say, any discontinuity or pole of F 
is associated with dynamical effects. If we had used a nonrelativistic normalization and defined a 
corresponding scattering amplitude Tnr, we could write 

Tnr= ^i^^i^^^...^i=F. (1.2.3) 



Then, no matter which field-theoretic interaction we assumed, Tnr would show the branch cuts 
associated with the factors l/\/p° in (1.2.3). 

In what regards form factors care has to be exercised to get form factors without kinematic 
cuts. For the simple case of the e.m. (electromagnetic) form factor of the pion (or any other spinless 
particle) such form factor is that defined by 

(pi|j;-'"-(0)b2) = (27r)-3(pi+p2)^F^(t), t^(p^-p^f. (1.2.4a) 

Note that, with this definition, F^(0) = 1. Eq. (1.2.4a) is valid for spacelike t < Q. For timelike 
t > 4/i-^ we write 

(Pi,;'2|J^-'"-(0)|0) = (27r)-3(pi-p2)^F^(i), t=(p^+p2f. (1.2.4b) 

Both values of are particular cases of a single function, F„{t), that can be defined for arbitrary, 
real or complex values of the variable t (see below). 
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We finish this subsection with a few more definitions. Let us consider scattering of two particles, 
with masses (Fig. 1.1.1): 

Aiipi) + A2{p2) ^ A'M + A'M- 
We define the Mandelstam variables 

s = (^>l+^>2)^ M = (^>l-^>2)^ t^{pi-p[f. 

They satisfy the equality, when the particles are on their mass shells, 

i 

for pions, 

s + u + 1 = 4/i. 

Here, and throughout these notes, n = 138 MeV is the average mass of the pions. When referring 
specifically to neutral or charged pion masses we will write m^o or m^± . The notation for m^± 
will also be used; see below. 

In terms of these variables the modulus of the three-momentum, k, and the cosine of the 
scattering angle (both in the center of mass) are given by 

fc= ^ ^ ^ , cos6l = l-F 

With our definitions, the two body differential cross section in the center of mass is given in 
terms of F as 

da 



cm. ^* 



with k, k' the moduli of the three-momenta of initial, final particles. For particles with arbitrary 
masses (1.2.5) is still valid but now 

k = -^^V[s - (^"-1 - rn2y][s - (mi + 7712)^] 

The total cross section, also with the same conventions, is 

47r2 

atot(s) = TTm V (1-2-6) 

AV^(s,mi,m2) 

here we define Kallen's quadratic form 

A(a, b, c) =a^ + b'^ - 2ab - 2ac - 26c =[a-{y/b- y/^f] [a-{y/b + Vc)^] . 
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1.2.2. Isospin 

As we know, there are three kinds of pions: two charged ones, with a mass m,^± = 139.57 MeV, 
and a neutral pion, with mass rrij^o = 134.98 MeV. If we neglected electromagnetic interactions, 
and the mass difference between u, d quarks, then the interactions of the three pions would be 
identical, and they would have a common mass, that we denote by yU and take equal to the average: 
/z = 138 MeV. Unfortunately, and under the influence of Gasser and Leutwyler, it has become 
customary to use the mass of the charged pion as the common pion mass. We will (regretfully) 
follow this convention and will then write — 139.57 MeV for the common mass of the pions, 
when identified with the charged pion mass. When distinguishing individual pion masses we will 
write, as stated above, m^±, m^o. 

The invariance under rotations of the three pions, called isospin invariance, is best described 
by introducing a different basis to describe the pions, Itt^), i — 1,2, 3, related to the physical pions 
by 

k°) = k3), |7r±) = ii{|7ri)±i|7r2)}. 

Isospin transformations are then just rotations, '12k -^jkWk) with R a rotation matrix. 

We can then, in the limit of exact isospin invariance, diagonalize the total isospin and its third 
component and consider e.g. scattering amplitudes corresponding to fixed isospin. 

The development of the isospin formalism, including explicit expressions, may be found in the 
book of Martin, Morgan and Shaw (1976); here we only give, for ease of reference, the isospin 
crossing matrices: 

/1/3 1 5/3 \ 
CM=c'("t)= 1/3 1/2 -5/6 ; (1.2.7a) 

Vl/3 -1/2 1/6 / 
Cj^f) = C^jp = {-ly+i'c^jf}. (1.2.7b) 

These matrices act according to 

^(/.=/)=^C'|^^*)_p(/.=/'), etc. 
/' 

Note that the order is 0, 1, 2; thus, e.g., 
1.3. Field-theoretic, and other models 

It is always convenient to illustrate abstract arguments with model calculations in which one can 
see how the general properties are realized in explicit examples. We will take as a very convenient 
model one in which pions and rho are realized as elementary fields, (f>a, Pa (a is an isospin index). 
The corresponding Lagrangian will be 

^ = g^uiSabd^ - igpeabcp''^,)(l>b{Saddu " '^9p^adePl)<l>d " P'^<Pa<Pa + ^p- (1.3.1) 

Here p, is the pion mass and Cp is the pure rho Lagrangian, that need not be specified. The mass of 
the rho particle, Mp, can be assumed to be introduced by a Higgs-type mechanism, with the mass 
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of the associated Higgs particle so large that it will have no influence on calculations for energies 
of the order of Mp or lower. 

The interactions in (1.3.1) induce pion-rho vertices: a TVKp vertex, which is associated with the 
factor igp{pi— P2)tJ.iabc, and a seagull one proportional to ig^pQ^iv This model is not chiral invariant 
(see later for a chiral invariant version) but it is very simple and thus will be used to illustrate 
general properties, such as analyticity or unitarity, independent of the underlying dynamics. 

Another explicit model of tttt scattering is that of Veneziano (1968); see also Lovelace (1968) 
and Shapiro (1969). In it the amplitude is written as a combination of beta functions, thus as a 
sum of poles. These are then unitarized (e.g., a la Lovelace). 

We will not spend any time on this model. While it gives reasonably well the masses and 
widths of the lowest lying resonances, it is a disaster for energies above ^ 1 GcV. It predicts elastic 
heavy resonances and, while its high energy behaviour contains the p and P' Regge poles, it does 
not admit a Pomeron. 
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2. Analyticity properties of scattering 
amplitudes, p.w. amplitudes, 
form factors and correlators. 
High energy behaviour and bounds 



2.1. Scattering amplitudes and partial waves 



Analyticity of partial waves follows from unitarity and causality. In local field theories (such as 
QCD) both properties are, of course, satisfied, but locality at least would be violated in a theory 
of strings; although this would occur at energies much higher than the ones in which we are 
interested here. In the case of the tttt scattering amplitude, F{s,t), one can prove that it is, for t 
in the Martin-Lehmann ellipse,^ analytic in the complex s plane with the exception of two cuts: a 
r.li. (right hand) cut, from s = to +00, and a l.h. (left hand) cut from —00 to — t. In addition, 
if there existed bound states, there would appear poles at the values of s or u given by the square 
of the mass of the bound state. 

The p.w. (partial wave) amplitudes, fi{s), are related to F though the expansion, 

CXD 

F{s,t) = + l)Pi{co8d)fi{s) (2.1.1a) 

1=0 

with inverse 

fi{s) = \j dcosePi{cose)F{s,t). (2.1.1b) 

Here 9 is the scattering angle in the center of mass, and Pi are the Legendre polynomials. We note 
that the restriction of, say, s to physical values produces the physical F{s,t) and fi{s) provided 
we take the limit of s real from the upper half plane. That is to say, if s is real and physical (and 
so is t), the physical values of scattering amplitude and partial waves are obtained for 

F{s,t)^ lim F{s + ie,t); fi{s) = lim /;(s + ie). 

€— »+0 e— »+0 

For elastic scattering at physical s (which, for nn scattering means s real and larger than or 
equal to 4/i^) and below the opening of the first inelastic threshold, that we will denote by Sq, one 
can express the /( in terms of phase shifts: 

The previous equations are valid assuming that the scattering particles are distinguishable. For 
TTTT scattering, however, the situation is a bit complicated. One may still write (2.1.1) and (2.1.2) 



With foci at t = and t = 4fj, — s (for pions) and right extremity at f = 4/i . This includes the physical 
region, A/jP — s < t < 0. For the proof, see Martin (1969) and references there. 
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for the processes tt^tt"'" — > tt^tt"'", but not for 7r°7r° — > tt^tt" or n'^n'^ — > 7r"'"7r''". The general recipe 
is the following: if F^^"^ is an amplitude with isospin 7^ in channel s, one has to replace (2.1.1) by 

F(^^)(s,t) =2 X ^ (2/ + l)Pi(cos6')//^'^(s), 4 = even, 

Z=even 

F^''\s,t) = 2 X ^{21 + l)Pi{cose)f^''\s), h = odd, 

l=odd (2.1.3) 

J I \^) — — TT^'^^^l [s)e ' ^ \ 

TTrt 



Due to Bose statistics, even waves only exist with isospin / = 0, 2 and odd waves must necessarily 
have isospin I — 1. For this reason, we will often omit the isospin index for odd waves, writing e.g. 
/i, /3 instead of 

Another very convenient simplification that we will use here is to denote the tttt partial waves 
by SO, S2, P, DO, D2, F, etc., in self-explanatory notation. 

When inelastic channels open (2.1.2) is no more valid, but one can still write 



Ms) = 



2£V2 

nk 



r]i e2'"5' - 1 



2i 



(2.1.4a) 



Here rji, called the inelasticity parameter for wave I, is positive and smaller than or equal to unity. 
The elastic and inelastic cross sections, for a given wave, are given in terms of Si and "qi by 

-f- = l{^-Vcos2SiY ar'- = (2.1.4b) 

af', a™^^' are defined so that, for collision of particles A, B (assumed distinguishable). 

For TTTT scattering sq = IG/x^, but the approximation of neglecting inelasticity is valid at the 
2% level or better below s ~ 1 GeV, the precise value depending on the particular wave. 

The cut structure is more complicated for other processes. For example, for -kK scattering the 
r.h. cut starts dX s — {ji + rriK)^ and the l.h cut also begins at u = (/x + rriK)^- But, since now 
s + u + t — 2/i^ + m|f , the l.h. cut in the variable s runs from — oo to —t + {rriK — l^f for the 
scattering amplitude, and from — oo to (rxix — m)'^ for the p.w. amplitudes. 

For KK TTTv or tttt — ^ KK scattering, the M-channel is nK scattering. Therefore, the r.h. 
cut starts at the (unphysical) value s — Afj?, and the l.h. cut at u = (m + ^k)^, hence the l.h. 
cut runs from — oo to —t + {rriK — m)^ ^ot the scattering amplitude, and from — oo to {niK — m)^ 
for the p.w. amplitudes. Finally, for KK scattering, the l.h. cut nms, as for tttt, from — oo to for 
p.w. amplitudes; but there is a r.h. cut, both for the amplitude and for p.w.'s associated with the 
unphysical channel KK — > tttt, and starting at 4jU^. 

Note that from (2.1.1b) it follows that it is fi{s) that satisfies analyticity properties without 
kinematical zeros or singularities. These analyticity properties are rather complicated in general; 
in the simple case of tttt scattering we have that /; (s) is analytic in the complex s plane except for 
two cuts, one from 4/x^ to +00 and another from —00 to (Fig. 2.1.1), inherited respectively from 
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The domain of analyticity 

for TTTT partial waves (shad- 
owed region) with the cuts 
of fi{s) in the complex s 
plane. 



Figure 2.1.1. 



the r.h. and l.h. cuts of F{s,t). If there existed bound states (which is not the case for tttt), there 
would appear poles at the values of s given by the square of the mass of the bound state. 

Another property that follows from (2.1.1b) plus the assumption (realized in the real world for 
TTTT scattering) that there is no bound state with zero energy is the behaviour, as fc — > 0, 



where ai is the so-called l-th wave scattering length. 

Analyticity is seldom of any use without bounds. Again, on very general grounds one knows 
that, for t physical, |F(s,t)| is bounded by C\s\ log^ \s\ (the Eroissart bound). Specific behaviours, 
particularly those that hold in Regge theory, will be discussed below. For the proof of the Proissart 
and related bounds we require unitarity, causality and the assumption that Green's functions 
grow, at most, like polynomials of the momenta. This last assumption holds in renormalizable field 
theories, to all orders in perturbation theory; but may fail for nonrenormalizable ones. General 
discussions of analyticity, bounds and expected high energy behaviour of scattering amplitudes 
may be found in Eden, Landslioff, Olive and Polkinghorne (1966), where the analyticity properties 
of Feynman graphs are also discussed, Martin (1969), Barger and Cline (1969), Sommer (1970), 
Yndurain (1972), etc. For general field theory, cf. Bogolyubov, Logunov and Todorov (1975). 

2.2. Form factors 

Analyticity of form factors, such as the pion or kaon form factors, can be proved quite generally 
using only causality and unitarity. In particular the electromagnetic pion form factor ^^(i) turns 
out to be analytic in the complex t plane cut from t = to +00 (Fig. 2.2.1). This analyticity, in 
particular, provides the link between both definitions of Fj^, Eqs. (1.2.4). For timelike, physical t, 
the physical value should in fact be defined as 



Ms) 



k^O IT 




(2.1.5) 



F^{t) = lim F^{t + ie); t > 



if we had taken lim^^+o F„{t — ie) we would have obtained F*{t). 
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Unlike scattering amplitudes, for which bounds hold in any local field theory, one cannot prove 
bounds for form factors in general. However, bounds can be obtained in QCD, where we can even 
find the high momentum behaviour with the Brodsky-Farrax counting rules. In particular, for F^^ 
one has the Farrar-Jackson (1979) behaviour 

t— »oo — t 

where is the pion decay constant, /,r — 93 MeV, ag the QCD coupling, and Cp = 4/3 is a 

colour factor. For scalar form factors (such as the scalar form factor of the pion), that we denote 
by Fs, the analyticity is like for F^, and one can also infer a behaviour of the type 

„ , , Const. , , 

Fs{t),- 2.2.2 

t-»oo -tlog {-t/t) 

with i an unknown scale factor and v also unknown although, probably, one also has 1 ~ yl, v — 1. 
The corrections to (2.2.1), (2.2.2), however, cannot be calculated. These asymptotic behaviours 
hold, in principle, only on the real axis, but the Phragmen-Lindelof theorem ensures their validity 
in all directions of the complex plane. 




Figure 2.2.1. 

The domain of analyticity 
(shadowed region) for -F,r(t), 
or n{t), in the complex t 
plane. 



2.3. Correlators 

Consider for example the vector current operator V^(a;) = 57^5' with q, q' quark fields. We 
associate to it the correlator 

n,^{p) =ijd^x e'^-(0|TV;t(a:)K(0)|0) ^ 

= {-9iiJ + PiiPu) nt^it) +Pi^p^ns{t), t = p^. 

The n{t) can be shown, again using only unitarity and causality, to be analytic in the complex 
t plane with a cut from to to +00 where to is the squared invariant mass of the lightest state with 
the quantum numbers of the current V^. If is the e.m. (electromagnetic) current, that we denote 
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by J^, and we neglect weak and e.m. interactions, then Us = and iltr is analytic except for a 
cut from t — 4:11^ to +00. 

There is no bound with validity for arbitrary field theories for the correlators; but, in QCD, we 
can actually calculate the behaviour for large momentum; it is given by the parton model result 
for the n. 

2.4. Scattering amplitudes at high energy: Reggeology 

Although we are here interested only on low and (at times) intermediate energy, it is clear that 
calculations of dispersive type, like those we will discuss in coming Chapters, require a model for 
high energy nn scattering. Regge pole theory provides such a model and, although outside the 
scope of this notes, we will describe here those of its features that are of interest to us. 

Consider the collision of two hadrons, A + B — » A + B. According to Regge theory, the 
high energy scattering amplitude, at fixed t and large s, is governed by the exchange of complex, 
composite o})jccts. known as Regge poles, related (in some cases) to the resonances that couple to 
the t channel. The same is true for large t, dominated by the resonances in the s channel (this is the 
property originally proved, in potential theory, by T. Regge). Thus, for isospin 1 in the t channel, 
high energy scattering is dominated by the exchange of a "Reggeized" p resonance. If no quantum 
number is exchanged, we say that the corresponding Regge pole is the vacuum, or Pomeranchuk 
Regge pole; this name is often shortened to Pomeron. In a QCD picture, the Pomeron (for example) 
will be associated with the exchange of a gluon ladder between two partons in particles A, B 
(Fig. 2.2.2). The corresponding formalism was developed by Gribov, Lipatov and other physicists 
in the 1970s, and is related to the so-called Altarelli-Parisi, or DGLAP mechanism in deep inelastic 
scattering (see e.g. Barger and Cline (1969) and Yndurain (1999) and, more recently, Donnachie 
et al. (2002), which include references to the original articles). 

One of the useful properties of Regge theory is the so-called factorization; it can be proved 
from general properties of Regge theory,^ or, in QCD, in the DGLAP formalism,^ as is intuitively 
obvious from Fig. 2.2.2. 

Factorization states that the scattering amplitude Fa+b^a+b{s, t) can be written as a product 

Fa+b^a+bM CA{t)CBms/sr-^'l (2.4.1) 

t fixed 

s is a constant, usually taken to be 1 GeV^ (we will do so here); the functions Ca, Cb depend on 

the corresponding particles, but the power (s/s)"^^*) is universal and depends only on the quantum 
numbers exchanged in channel t. The exponent aii{t) is called the Regge trajectory associated to 
the quantum numbers in channel t and, for small t, may be considered linear: 

anit) aniO) + a'lit. (2.4.2) 

For the p and Pomeron pole, fits to high energy processes give 

a JO) = 0.52 ± 0.02, a'JO) = 1.01 GeV-^ 

' ' , (2.4.3a) 

ap(0)=l, a'p = 0.11 ±0.03 GeV-^ 

^ The proof follows from extended unitarity (Gell-Mann, 1962; Gribov and Pomeranchuk, 1962). 

* Gribov and Lipatov (1972); Dokshitzer (1977); Altaxelli and Paxisi (1977). See also Kuraev, Lipatov and 
Fadin (1976) and Balitskii and Lipatov (1978). 



- 11 - 



-CHAPTER 2- 



Pa 




Fig. 2.2.2. 

Cut Pomeron ladder exchanged 
between the partons pA and ps in 
hadrons A, B. The emitted gluons 
will materialize into a shower of 
particles. 




The Regge parameters taken here are essentially those of Rarita et al. (1968); for Q;p(0), however, we 
choose the central value 0.52 which is more consistent with determinations based on deep inelastic 
scattering. There are indications that the Pomeron is not an ordinary Regge pole but we will not 
discuss this here. 

For the p trajectory, we have enough information that we can write a more accurate, quadratic 
expression that agrees on the mean with (2.4.3a) for spacelike t and satisfies the Regge constraint 
a,(M2) = 1: 

ap{t) = ap{Q) + ta'p{Q) + it'<(0), ^ 

q;;,(0) =0.90GeV-^ Q!;,'(0) = -O.SGeV-''. 

Let us consider the imaginary part of the spin averaged nN or A^A^ scattering amplitudes (here 
by NN we also understand NN) , which we recall are normalized so that 

47r2 

""^^^^= AV2(,,,,^,^|) I"^^(^'Q)- 
We have, with related to the imaginary part of C^, 

\mFr,M{sJ)^flr{t){s/sr^'^'\ 

(2.4.4a) 

Im F,^ (s, t) ~ (t)/;v (t) (s/s)"«^*\ 
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and therefore, using factorization, 

ImFUs,t) - fl{t){s/sr-^'\ (2.4.4b) 

The functions fi {t) depend exponentially on t for small t and may be written, approximately, as 

fi{t) = aie^\ b = (2.4 ± 0.4) GeV"^ (2.4.5) 

Consistency requires a more complicated form for the residue functions fi{t); below we will give 
expressions that are sufficiently accurate for the small values of t in which we are interested. 
Prom (2.4.4) we can deduce the relations among the cross sections 



This relation also holds in the naive quark model^ in which one considers that scattering of hadrons 
is given by incoherent addition of scattering of their constituent quarks, so we have 

0"7r7r^aii : cTTrAf^aii : <7NN^a.ii = 2x2 : 2x3 : 3x3. 

From any of these relations one can obtain the parameter a^r in (2.4.5) in terms of the known irN 
and NN cross sections. 

We write explicit formulas for tttt scattering, taken from the expressions of Rarita et al. (1968); 
to be precise, as given in Pelaez and Yndurain (2003). For It = exchange, 

l^Fii'Z^{s,t) ImFi/'=°) +ImFi^'=°); 

t fixed 

ImFi.^-°) =a.(P)^i±^£^M^±^e^*(s/S)-W+«'p*, (2.4.6a) 

Im4!'=°) =a^(P')e''*(s/s)"^<°^+"^*. 

We have added the Pomeron and the subleading contribution, the so-called P' pole (associated 
with the /2 resonance) that is necessary at the lowest energy range. The slope of the second we have 
taken as identical to that of the rho. As noticed in Pelaez and Yndurain (2003; see also Appendix C 
here), this choice gives better consistency for crossing sum rules, besides being what one expects 
in the QCD version of Regge theory; the experimental information on ttN, NN scattering is not 
enough to fix the slope of the P' with any accuracy. 
For It = 1, we write 



= ^-('^)tX^ [(1 + l-48)e''* - 1.48] (s/sr^(')+<K 
1-|-Q;p(0) 



(2.4.6b) 



Prom (2.4.5) and the known cross sections for nN, NN scattering we have^ 

CT^(P) = 3.0 ± 0.30; CT^(P') = 0.75 ± 0.08; a{p) = 0.84 ± 0.10. (2.4.6c) 



^ Levin and Frankfurter (1965). For a comprehensive review, see Kolckedee (1969). Note, liowever, tliat it 
is not clear why the naive quark model should work, as its mechanism is very different from the orthodox 
QCD one. 

® Our Regge parameters a(i) here are sligiitly smaller than those used in Palou and Yndurain (1974). This 
is because we now add a P' contribution to the Pomeron, and a background to the rho piece. 



- 13 - 



-CHAPTER 2- 



0-tot(^ ?r"),mb 



1.5 



2.5 



3.5 



4.5 



5.5 



6.5 



7.5 



. i"^ (GeV) 



, 



1.5 2.5 



3.5 



- (GeV) 



(Jt„t(/;i:"),mb 



30 
20 _ 



1.5 2.5 



_i"^(GeV) 



Figure 2.2.3. The total cross sections ai-K^Tr^), a{Tr^Tr^) and 
a{n°'!r~). Black dots and squares: experimental points from Robert- 
son, Walker and Davis (1973), Biswas et al. (1967), Cohen et 
al. (1973), Hanlan et al. (1976), and Abramowicz et al. (1980). 
Open dots at 1.42 GeV: the cross sections that follow from the 
low energy phase shift analyses, see Appendix A. Thick gray lines, 
from 1.42 GeV: Regge formula, with parameters as in (2.4.6, 7) 
(the thickness of the line covers the error in the theoretical value of 
the Regge residue). 



For isospin It =2 exchange we cannot fix its parameters from factorization, since ttN or NN 

do not contain such amplitude. It must be due to double rho exchange, so we know that its energy 
dependence, at t = 0, should be s2ap(0)-i^ know little more. We use an empirical formula: 

ImF(^*=2)(s,t) = (0.6 ±0.2) e=^*(s/s)2"p(")+"p'-i, (2.4.7a) 

i.e., a slope like the rho and P' . We have obtained the constant 0.6 ± 0.2 by fitting the difference 
between the experimental tt^tt'^ and 7r'^7r+ total cross sections at s^/'^ — 1.42 GeV, and the Pomeron 
plus P' values. We will, somewhat arbitrarily, take the value C2 = b, whose justification is that it 
produces consistency in crossing sum rules hke that in the Appendix C here (see also Pelaez and 
Yndurain, 2003): 

C2 = b = 2.38 ± 0.02 GeV-^ (2.4.7b) 

Another matter is, when one may apply formulas like (2.4.6). Prom the DGLAP version of the 

Pomeron (for example) we expect the following pattern to occur: in the region \t\ <^ s, s ^ 
(with A ^ 0.4 GeV the QCD parameter) the ladder exchange mechanism will start to dominate 
the collision A + B. We then will have the onset of the Regge regime with, at the same time, a 
large increase of inelasticity and a smoothing of the total cross section according to the behaviour 
(2.4.6). 

For nN, NN scattering this occurs as soon as one is beyond the region of elastic resonances; 
in fact (as can be seen in the cross section summaries in the Particle Data Tables) as soon as the 
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kinetic energy in the cm. is above 1 — 1.2 GeV. For tttt we thus expect the Regge description 
to be vahd for the corresponding energies, that is to say, for s^^'^ > 1.4 GeV, which is the region 
where we will use it here. Indeed, and as we will see, around this energy, it is possible to calculate 
the TTTT scattering amplitude from experiment and indeed it agrees, within a 15%, with (2.4.6); see 
for example Pelaez and Yiidurain (2003). 

It is worth noting that these properties can also be verified directly for tttt scattering, as has 
been done by Robertson, Walker and Davis (1973), Biswas et al. (1967), Cohen et al. (1973), 
Hanlan et al. (1976), and Abramowicz et al. (1980). These authors do not attempt at phase shift 
reconstruction of the amplitude, but measure directly elastic and total tttt cross sections at energies 
between 1.2 and 6 GeV. They find a pattern identical to that for TriV, NN or KN scattering. In 
particular, a total cross section that flattens out to a value of 15 to 20 mb, precisely as predicted 
by factorization (and in agreement with our numbers here). Moreover, the elastic cross section 
becomes less than a third of the total one above 1.7 GeV; see for example fig. 5 in Robertson, 
Walker and Davis (1973). In fact, and as shown in Fig. 2.2.3, the experimental tttt cross sections 
agree very well with the prediction obtained from factorization (our equations (2.4.6) here). 

As is clear from this minireview, the reliability of the Regge calculation of high energy pion- 
pion scattering cannot go beyond this accuracy of ~ 15%, even for small t. The deviations off 
simple Regge behaviour are expected to be much larger for large as indeed the counting rules 
of QCD imply a totally different behaviour for fixed t/s. This is one of the problems involved in 
using e.g. the Roy equations that require integration up to —t ~ 0.7 GeV^, s ~ 2 GeV^, where the 
Regge picture fails completely (we expect instead the Brodsky-Farrar behaviour, (Jfixed cos0 ^ * '^)- 
However, for forward dispersion relations or the Froissart-Gribov representation we will work only 
for f = or f = for which the largest variation, that of e***, is still small, b{t = 4/x^) ~ 0.19, and 
we expect no large error due to departure off linearity for the exponent in fi{t) or for the Regge 
trajectories, aii{t). 
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3. The effective range formalism 
for p.w. amplitudes. 
Resonances 



3.1. Effective range formalism 

We will consider here only the pion-pion case. The discontinuity of fi{s) across the elastic cut is 
very easily evaluated. Because all functions (scattering amplitudes, form factors and correlators) 
are real analytic^ we can calculate their discontinuity as 



disc/(s) =2ilm/(s) = lim {/(s + ie) - f{s - ie)} 
= hm {/(,s + ie)-r(s + ie)}. 

For p.w. amplitudes, and for physical s below the inelastic threshold sq, we have 



(3.1.1) 



lrafi{s) = ^\fi{s)\\ V<s<5o. (3.1.2) 

This suggests how we can form from /( a function in which this elastic cut is absent. This is 
the function (s) defined for arbitrary complex s by 

We assume that fi{s) does not vanish for < s < or for Afj? < s < sq. li fi vanished below 

threshold, or on the elastic cut, the function <Pi would have poles at such zeros; the analysis can 
be generalized quite easily to cope with this, and, for tttt scattering, we will show explicitly how in 
the cases of the S waves and the D2 wave. 
We can rewrite (3.1.3a) as 

V s / 7r/;(s) 

In this second form it is obvious that the first term in the r.h. side is analytic for all ,s, except for a 
(kinematic) cut running from — oo to s = and a cut for s > Ajj? . The second term is also analytic 
over the segment < s < and it presents a dynamical cut from — oo to due to the l.h. cut 
of /i (Fig. 3.1.1). 

We next check that ^i{s) is analytic over the elastic cut. We have, for < s < sq, 

Im^;(s) = -j^+k^^ ' 



2Vi 7^ ft is) Ms] 



A complex function f{z) is real analytic if it satisfies f*(z*) = f(z). The theorem of Painleve ensures 
that, if a function analytic for Imz ^ is real analytic, and is real on a segment [a, 6] of the real axis, 
it is also analytic on the segment. For more information on matters of complex analysis, we recommend 
the texts of Ahlfors (1953) and Titchmarsh (1939). 
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FlGURE 3.1.1. The cuts in the complex s plane for #i(s). The 
dotted line shows the absent elastic cut. We have taken so = 
1 GeV^ , and the drawing is to scale. 



Using then (3.1.2), the r.h. side is seen to vanish. The only point which appears dangerous is the 
threshold, s — because here /; vanishes for / > 1; but this zero is exactly compensated by 
the zero of the factor fc-^'; cf. (2.1.5). Therefore it follows that the function ^i{s) is analytic along 
the elastic cut. Its only singularities are thus (apart from poles due to zeros of /;), a r.h. cut from 
s = So to +oo; and a l.h. cut, formed by two superimposed cuts, namely, the kinematic cut of 



2-2-2'(5- V)'a/^-1, 



s 



and the dynamical cut of 



k 



21 



7r/;(s) 

due to the l.h. cut of fi{s). 

Eq. (3.1.3b) defines <?;(s) for all complex s; in the particular case where s is on the elastic cut, 
we can use Eq. (2.1.2) to get 

^21+1 

^i{s) = —^cot6i{s), V<s<so. (3.1.4) 
In general, i.e., for any value (complex or real) of s, we can solve (3.1.2) and write 

^^^^^ " Txk 2si/2fc-2i-i(^j(.s)_i = V<?i(s) -iA:2'+V2sV2- ^^■^•^^ 

#i(s) is real on the segment < s < sq, but it will be complex above the inelastic threshold, sq, 
and also for s < 0. 

The fact that ^;(.s) is analytic across the elastic region is valid not only for tttt, but also for 
other p.w. amplitudes; for example, for pion-nucleon, nucleon-nucleon or even nucleon-nucleus. 
This implies that, at low energies {k ^ 0), one can expand 

^i{s) = + Rok'' + Rrk^ + ■ ■ ■ . (3.1.6) 
4/xa; 

This is the so-called effective range formalism, widely used in low energy nucleon and nuclear 
physics. The quantity a; is the scattering length (cf. Eq. (2.1.4)) and the Ri are related to the 
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FlGURE 3.1.2. The circle of convergence for the effective range 
expansion for 0i{s); so = 1 GeV^. 



range of the potential (if the scattering is caused by a short-range potential) . For tttt scattering, 
the expansion is convergent in the disk |s — 4/^^| < 1, shown shaded in Fig. 3.1.2. 
Besides (3.1.6) we will also use the parameters bi defined by 



TT 



(3.1.7) 



3.2. Resonances in (nonrelativistic) potential scattering 



Consider scattering by a spherical potential, V{r), that we assume to be of short range. We will 
simplify the discussion by working in the nonrelativistic approximation. The nonrelativistic energy 
E \s E — s^/'^ — mi — 1712 with nii the masses of the particles, and we shall let m be the reduced 
mass. To lighten notation, we take mass units so that 2m = 1. 
The /-wave Schrodinger equation is 



dr2 

One may express its solutions as 



+ 



e - V{r) 



Mr) = 0. 



^;(r.) ~ 1 fgifer-ii7r/2+i5,(£;) _ g-ifer+ii7r/2-i5,(i3)| 

) — >oo 2i I J 



(3.2.1) 



(3.2.2a) 



In principle, (3.2.2a) is valid only for physical fc > 0. However, because (3.2.1) depends explicitly 
on k, we can take the solution to be valid for arbitrary, even complex k. 
Prom (3.2.2a) we can find the p.w. amplitudes. First, we rewrite it as 



i^iir) ~ j-{k,l)e''''^ +j+{k,l)e 

r— *-oo 



-ikr . 



(3.2.2b) 



the j^, known as the Jost functions, are identified, at large r, comparing with (3.2.2a). In terms 
of these we can write the ^-matrix element, 



si{E) = e^''' 
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II 



Figure 3.2.1. The Riemann sheet for p.w. amphtudes. 



s,iE) = {-iy+'-l^^. (3.2.3) 

Now, the exchange of fc ^ — fc does not alter the Schrodinger equation, but it exchanges the 
exponentials in (3.2.2a). Therefore, one must have 

j-{-k,l)=j+{k,l). (3.2.4) 

If we start from the k plane, then the energy plane will be a two-sheeted Riemann surface 
(Fig. 3.2.1). We designate physical sheet (sheet I) to that coming from Imfc > 0, and unphysical 
sheet (sheet II) to that obtained from Imfc < 0. When considering si{E) as a function of E it then 
follows that we have two determinations. Since obviously k^^ = — fc", we find 

s]\E)=[s]iE)]-\ (3.2.5) 

The physical value is 

si{E) = lim s]{E + ie) = lim s]\E - ie). 

We shall now look for singularities of si{E). For physical E > we cannot have poles because 
|s;(£')| — 1. For E = —Eb < 0, a pole of si{E) means a zero of . If the pole occurs in the first 
sheet, this means that the corresponding value of the momentum will be ks — i|A;| — W^b and 
hence (3.2.2b) becomes 

Mr) - i-(fcB,Oe-"l^ 

r — ^oo 

i.e., the wave function of a bound state with binding energy Eb- We thus conclude that poles of 
the ^-matrix in the physical sheet for energies below threshold correspond to bound states.^ 

® We will not be interested in poles in the unphysical sheet with negative energies, known as antibound 
states. More details on the subject of this section may be found in the treatises of Omnes and Prois- 
sart (1963) and Goldberger and Watson (1964). 
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We next investigate the meaning of poles in the lower half-plane in the unphysical sheet, that 
is to say, poles located at E^^ = Eji = i?o — IF/ 2 with Eq, F > Q. li there is a pole of sY{E) for 
E = En — iF/2, then (3.2.5) implies that the physical ^-matrix element has a zero in the same 
location: 

s]{Er - iF/2) = 

(Fig. 3.2.1). The corresponding wave function is not as easily obtained as for the bound state case; a 
detailed discussion may be found in Godberger and Watson (1966) or Galindo and Pascual (1978), 
but an essentially correct result may be obtained by replacing, in the standard time dependent 
wave function for stationary states 

^ = e-'^*V(r), 
E by the complex value Er — \F/2. So we get 

W = e-^*/2e-^^«V(r) : 

the probability to find the state decreases with time as |<f'p — e~^*, which can be interpreted as a 
metastable state that decays with a lifetime t = 1/F: that is to say, a resonance. F is called the 
width of the resonance, and is equal to the indetermination in energy of the metastable state. 

Let us consider now the corresponding physical phase shift. The pole and zero of s}^, sj imply 
corresponding zeros of the Jost functions. We will assume that F is very small; then, in the 
neighbourhood of E^ we can write 

s](E) f (3.2.6a) 
' e^^ErE- Er + \FI2 ^ ' 

For the phase shift this implies 

This means that at Er the phase shift goes, growing, through 7r/2 and that it varies rapidly. 

We can write the corresponding formulas for the p.w. amplitudes, now for the relativistic case. 
We profit from the analyticity of the effective range function over the elastic cut to conclude from 
(3.2.6b) and the proportionality between cot 5i and $i that, for s = (where Mr is the invariant 
mass corresponding to the energy Er), ^i{s) must have a zero: 

A//"2 — « 

^As) ~ ^ . (3.2.7a) 

So we may write the p.w. amplitude in its neighbourhood as 

1 

^'^'^ s^Ml ^ M2-s-i)b2m^/2sV2- (^-^-^b) 

The residue of 7, can be related to the width of the resonance: 

F = [k{Ml)f+^^/2Ml. (3.2.7c) 

Eq. (3.2.7) is the (relativistic) Breit-Wigner formula for the p.w. scattering amplitude near a 
resonance. Note however that Eqs. (3.2.7) are only valid in the vicinity of the resonance; away 
from it, the ratio ^;(s)/(M^ — s) will not be a constant, so in general we will have to admit a 
dependence of 7 (and F) on s. 
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Let us consider another characterization of a resonance. Returning to nonrelativistic scattering, 
one can prove that the time delay that the interaction causes in the scattering of two particles in 
angular momentum I and with energy E is 

At = 2—^. 

dE 

We can say that the particles resonate when this time delay is maximum. In the vicinity of a zero 
of the effective range, we can use (3.2.7) to show that At{s) is maximum for s = and then the 

time delay equals l/F. 

We have therefore three definitions of an elastic resonance: a pole of the scattering amplitude 
in the unphysical Riemann sheet; a zero of the effective range function; or a maximum of the 
quantity 

d5i{s)/ds. 

These three definitions agree, to order 7^, when 7 is small, and neglecting variations of 7; but 
a precise description of broad resonances requires discussion of these variations. In these notes, 
however, we will only give the value of s^/^ at which the phase crosses tt/2. Since we will also give 
explicit parametrizations, to find e.g. the location of the poles should not be a difficult matter for 
the interested reader. 

Unstable elementary particles may also be considered a special case of resonances; thus, for 
example, one may treat the Z particle as a fermion-antifermion resonance. We discuss this for a 
simple model in Sect. 4.2. 
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4. The P p.w. amplitude for tttt scattering 
in the elementary rho model 



4.1. The p propagator and the tt+tt" scattering amphtude 



Before continuing with general properties of pion interactions, it is convenient to illustrate what 
we have already seen with a simple, explicit model. In the present chapter we do precisely this; 
specifically, we consider the elementary rho model and take 7r°, 7r+ interactions to be given by 
the Lagrangian given in (1.3.1). We start by calculating the /9+ propagator in dimensional regu- 
larization, to lowest order and neglecting the rho self-interactions. We therefore consider only the 
diagrams in Fig. (4.1.1). The corresponding vacuum polarization function is then 

ni''JiQ)=iV, J d^p (2p + qU2p + g). ^, ! ^2 + ^^2 _ ^2 

we have defined 

iD-i _ u ^ ,A-D 



d^p: 



d^p 



and vo is an arbitrary mass parameter. After standard manipulations, and with D = 4 — e, we find 
nl'J {q) = {-q'g^. + qi^q.) ^ I i - 7e + log 47r - log 



-[ dx{l - 2xf login^ - x{l - x)q 
Jo 



(4.1.1a) 

2^ I 



Here 7e — 0.5772 is Euler's constant. 

We then calculate the dressed rho propagator. For this, we first rewrite (4.1.1a) as 

nl'Jiq) = {-q^g^. + q^^q^yinois), s = q^ . (4.1.1b) 

The dressed propagator is then, 

n(p;0) ^ , -^di^v , icllr.) — \ I- eauee terms 

s-M^s-Mi^ ' '"'s-Uy + gauge terms.. 

The gauge terms are terms proportional to q^qv Summing this we find 



This is still unrenormalized, and Mq is the unrenormalized rho mass. We renormalize in the 
MS scheme, with scale parameter the (renormalized) rho mass, = M^. Thus, 

il.en.(s) = dx{l - 2xf log (4.1.2a) 
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FlGURE 4.1.1. The sum of one loop corrections to the rho propa- 
gator. 



and the renormalized, dressed rho propagator is 

D[pJ = _^ gg^^gg ^gj.j^g. ]^ ^ M(M^). (4.1.2b) 

S-M2-Ksi7ren.(s) 

For s real and larger than A/j,^ we can split /Iren. into a real and an imaginary part as follows: 



HrenXs) = da;(l - 2xf log 



//•^ — x{l — x)s 



M2 



We next evaluate the scattering amplitude, with the fully dressed propagator. We have to 
calculate the amplitudes F^**) and F^") associated with diagrams (s), (u) in Fig. 4.1.2, so that the 
scattering amplitude is F = F^*' -|- F^"' . For the first we find, 

F(^) = -16-1^ cos e, (4.1.4) 

where 6 is the scattering angle in the cm. 
Projecting F^^^ onto the P wave we get 

We have to add the contribution of diagram (u); note that, in this model, there is no con- 
tribution from the t channel, at leading order, because you cannot make a p with two vr'^s. We 
have, 

F(«) = 4^ ( - 2k^.ose\ ^ (4.1.6) 
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(u) 



Figure 4.1.2. Diagrams for tt n scattering mediated by the p. 



and we recall that u = Afi^ — s — t = —2k^{3 + cos 9). Projecting into the P wave we find 

2l67r2 

,2 



X 



/ d cos 6 cos I 2k^ cos 6 

J-i V 2 



(4.1.7a) 



The complete partial wave amplitude is 



fi{s) = A'\s)+fr{s). 



(«)/ 



(4.1.7b) 



This p.w. amplitude does not satisfy unitarity. This is a general fact; perturbation theory only 
verifies perturbative unitarity, that is to say, unitarity up to corrections of higher orders. We will 
see in this example how this works; this will allow us to see explicitly how in this model the rho 
behaves as a resonance. 

First of all we check that fi verifies the expected analyticity properties, f'f^ (s) has a right hand 
cut, due to that of TTj-en. (*) which is the only piece in (4.1.5) which is nonanalytic. From Eq. (4.1.3) 
we see that it extends from 4/li^ to +oo. The l.h. cut of /i comes from the l.h. cut of F^^\s,t). 
Prom (4.1.7), the only discontinuity occurs when iTren.('w) is discontinuous, which happens when 
u > 4:fi'^. In terms of s, cosO this condition becomes 

u-Afj,"^ = -^[s + 4:ii^ + {s- Afj!^) cos 6] > 0. 

Therefore, F^"' (s, t) has a discontinuity for s in the range from — oo to 

4/x2(cos6'- 1) 



S0 



l-Fcos6l 
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Because in (4.1.7) we integrate for cos9 between —1 and +1, it follows that the cut of /|"' (s), and 
hence of /i(s), runs from — oo to 0, as was to be expected on general grounds. 

4.2. The weak couphng approximation 

Let us now make further approximations. If we calculate the rho decay width in our model to 
lowest order we obtain, after a simple calculation, 



np 7^ )- g^^2' I'P- 2 



Putting numbers for the rho mass and width it follows that 

0.23 



167r2 

so the approximation of considering this quantity to be small is not too bad. 

For s physical, and in particular for s ~ Af^, the piece sUj-enX^) the expression for /}*''(s), 
although of nominal order (see (4.1.2)) cannot be neglected; else, /I*' (s) would be infinite around 
s = M^. However, un^eu.iu) can be neglected to a first approximation in in the expression 

(4.1.7). If we do this, /}"^ can be easily integrated explicitly and becomes 



In this approximation the l.h. cut only runs up to s = 4/x2 — M^: the discontinuity across the 
piece [4/^2 — m2,0] is of order [g'^ /IQ-k'^Y , and can be neglected (within the model) in a first 
approximation. With the value foimd for gp, we expect this to be valid to some 6%. 

If we consider the region near s = M2, then \f[''\s)\ - 1 while /^"^(s) is of order g'^/lQir'^. We 
can further approximate f\ by neglecting the whole of /|"\s), and thus write 

his) ~ /W(s) = ^-|L ^ . (4.2.2) 

It is important to notice that this approximation is only valid when f[^\s) is of order unity; 
otherwise, both s and u channel pieces are of comparable order of magnitude. Another interesting 
point is that this approximation is unitary and indeed it is very similar to the Breit-Wigner 
approximation. To see this more clearly, we define the (resonance) mass of the rho as the solution 
of the equation 



= m2 1 1 + ^ £ dx(l - 2xf log 



(4.2.3) 



-2 '•1 /x2 - x(l - x)M2 

M2 

Prom (4.1.3) and (4.1.5) it follows that, in the present approximation, we can identify, for physical 

Gvr — Gtts^'''^ — 

cot 5l (S) = i + Tg-^ [M^ - S - S77,en (S)] = -To-T- {M"^ -S-sRe il^en (s)) , 

9p 1^ 9p 

which, because of (4.2.3), vanishes at s = M^. 
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In this model, the effective range function is 



4.3. Low energy scattering 



We now calculate the low energy scattering in the elementary rho model; to be precise, we will 

evaluate the scattering length, ai. For this calculation a number of approximations can be made. 
Although, in the real world, Fp and /x are very similar, it is believed that they have a different 
origin, /i^ is supposed to be proportional to the sum of u and d quark masses, whereas Fp is related 
to the QCD parameter A. We will thus make a calculation neglecting the u channel contribution 
and evaluating Re 71 in leading order in logM^//x^. In this approximation we have (cf. Eqs. (2.1.4), 
(4.1.5)) 

gl 1 



a = 



127rMM2 



(4/xVA7^) 



1 



487r2 ^ ^? 



~ 36 X 10"'' n' 



(4.3.1) 



The experimental value is 



ai = (39.1 ± 1.4) X 10" V" 



We see that, for such a crude model, the agreement with experiment is quite good; in fact, as we 
will see in Chapter 8, comparable to what one gets with sophisticated calculations. On the other 
hand, of course, the model is only valid for the P wave; for example, it gives zero (to order g^p/lQ-K^) 
for 7r°7r° scattering, although the interaction here is very strong. 



4.4. The chiral rho model 

The model we have developed for p mediated pion interactions is not compatible with chiral 
symmetry. A model compatible with this has been developed by Gasser and Leutwyler;^ in it the 
p is coupled through the field strengths, -F)i"\ with a an isospin index, to the pions. The model is 
rather complicated and can be found in the paper of these authors (Gasser and Leutwyler, 1984; see 
also Ecker et al. 1989 where it is further developed). This coupling produces a nonrenormalizable 
interaction (as opposed to the previous rho model, which was renormalizable) so only tree level 
calculations are, in principle, allowed with it. 

In fact, it is possible to make loop calculations with this model, but to get finite results we will 
have to add extra interactions (and extra coupling constants) every time we go to a higher order 
in the number of loops taken into account; the model soon loses its predictive power and, in this 
respect, it is inferior to the noncliiral model we have studied before. Moreover, it cannot satisfy 
rigorous unitarity (that requires an infinite number of loops) , although Dyson resumed versions of 
it are available in the literature (Guerrero and Pich, 1997). Its main interest lies in providing an 
explicit realization for chiral perturbation theory calculations, and a way to extrapolate these to 
the resonance region. 

We will not give the details of such calculations here, that the interested reader may find in 
the literature quoted. 

^ In fact, the chiral rho model is much older; see e.g. Coleman, Wess and Zumino (1969) or Wein- 
berg (1968b). 
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5 . The effective range formalism 
for p.w. amplitudes; resonances 
(multichannel formalism) . 
Unitarity and form factors; 
correlators 



5.1. General formalism. Eigenphases 



The extension of the developments of the previous section to the case where we have several 
channels open is very simple, provided these channels are all two-particle channels. To a good 
approximation this is the case for pion-pion scattering up to energies of about s^^^ 1.3 GeV. 

In the general case, we label the various two-body channels by letters a,b,..., each with values 
1, 2, . . . , n (for n channels). So, we have the p.w. amplitudes'^ fj^^ (s) that describe scattering of 
particles" Pi (6) + Piib) Pi (a) + Pa (a). 

As an example, we may have the channels 



TT+TT , 


a 


= 1 




a 


= 2 


K+K-, 


a 


= 3 




a 


= 4. 



This would be simplified to two uncoupled two-channel problems (for isospin and 1) if assuming 
isospin invariance. 

We define the (modulus of the) three- momentum, in channel a, as ka. Then, the unitarity 
condition may be written as 

I^/a6 («) = ^E^c/«(«)/6^c^^)*, (5.1.1) 

c 

and we have used time-reversal invariance which implies that 

„(/) ^ M) 
J ah Jba ' 

If we had only one channel, or if there were only diagonal interactions (/^^ = fa^6ab), (5.1.1) 
would tell us that one can write 

i.e., Eq. (2.1.2). 

^°We put in this Chapter the angular momentum variable I as an index or superindex, according to 
convenience. So we write fi or 5^'' or Si. 

""^^Note the reversed order; this is because the S matrix elements are usually defined by 

(Pi{a),P2{a)\S\Pi{b),P2{b)). 
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To treat the general case it is convenient to use a matrix formalism. Denoting the matrices by 
boldface letters, we define 

We will also define the multichannel S'-matrix elements, 



or, in matrix notation, 

s; = (2si/V7r)k-i+f,. 
If we had uncoupled channels, (2.1.2) would tell us immediately that 



(5.1.2a) 



(5.1.2b) 



,(0 



( 

nk 



To see what the unitarity relations imply in the multichannel case, it is convenient to form the 
matrix u with 

^ ,1/2 (0^1/2 
Uab — S^j . 

After a simple calculation, using (5.1.1) and time reversal invariance, we find that 

""acWfec = — dab- 
TT 



Therefore, (7r/2s^/^)u = is a unitary matrix. We let C; be the unitary matrix that diagonalizes 

it, and denote by D; to the diagonalized matrix, with elements {exp2\5a^)5ab- The da\s) are called 
the eigenphases, and are the generalization to the multichannel case of the ordinary phase shifts. 
We find that we can write: 



^k-i/2QDiCr^k-v2. 



TT 



(5.1.3) 



Note that, because of time reversal invariance, the matrix C may in fact be chosen to be reaJ. 
Inverting these relations we obtain the general form for the p.w. amplitudes. 



f, =^k-i/2Qf;cr^k-v2, 

TT 

/sinJf^e'^i" 




smok e 2 



(5.1.4) 



sm 



This is the generalization of (2.1.2) to the quasi-elastic multichannel case. 
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5.2. The JT-matrix and the effective range matrix. Resonances 



We define the K-matiix, K;, such that 



In terms of it we can write the matrix D; as 

l+i(V2.i/^)kV^K,kV^ 
' l-i(7r/2sV2)ki/2Kiki/2- ^^•^•'^ 

The unitarity and symmetry of D; in the quasi elastic region means that K; will be hermitean and 
symmetric there, hence it will be reai across the two particle cuts: 

K^^kJ =Kr. 

The definition of K; does not take into account the behaviour at the thresholds. To do so we 
define the effective range matrix, by 

1. 



-1 



*/ = -k'Kr^k'. 

In terms of it we find 



TT 



an obvious generalization of (3.1.5). is real and symmetric. It is therefore analytic except for the 
l.h. cut of the Z^^! ^■iid for the r.h. cut that occurs when s is above a true inelastic (multiparticle) 

threshold, s > Smuit.- 

Let us now discuss resonances in the multichannel case. It is clear that the eigenstates of the 
time evolution operator will correspond to the eigenphases, as they are eigenstates of the S-matrix. 
We will therefore identify resonances with a resonant-like behaviour of the eigenphases: we will say 
that we have a resonance at s = provided one of the eigenphases crosses 7r/2 and varies rapidly 
there. We will assume that resonances are simple, i.e., only one eigenphase resonates at a given 
s = M^, and moreover we suppose that M does not coincide with the thresholds. The resonance 
condition, in eigenchannel r, is then 



?(0(5 = M2)=7r/2; "^^^"^'^ 



ds 

but 



= maximum, (5.2.3a) 

=M2 



6f^^{s = M^) ^ 7r/2. (5.2.3b) 
Let us see what this implies in terms of Prom (5.1.4), (5.2.2) we can write 

(i = 2si/2 (c,-'k-'-V2#;k-'-i/2Q -iy\ 

Because f; and i are diagonal, so must be = C;~^k~'~^/^*ik~'~-^/^C;. Recalling again (5.1.4), 
it follows that its elements are such that 

(25^/25(0 -i)-i= sin ?(')ei^'\ 
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i.e., one can write 

The resonance condition then is equivalent (forgetting for the moment the requisite of rapid vari- 
ation of the derivative of the phase) to the condition 

gW(s = M2)=0; 5(5^(5 = m2)^0. 

Therefore, the quantity det(g;(s)) has a simple zero at s = M^. Since, for this value of s, the 

determinants of k, C; are finite, we have obtained that the condition of resonant behaviour (above 
all thresholds) is that the determinant of the effective range matrix, 

det(*i(s)) 

has a simple zero at s = M^. 

We will next incorporate the condition of rapid variation, and calculate the partial widths, 
that generalize the quantity F of the one-channel case. Near s = we write 

cot<5W(s)^^^. (5.2.4) 
The condition of rapid variation is that F be small. Next, and using (5.1.4), we have 

s-M^ TT V» 1 "'^ M^-s-\MF^2^^ ^« sm 5, e . I . (5.2.5a) 

We have profited from the unitarity and reality of C; to write C;~^ = C^. 
We then define the partial widths, Fa, and inelasticity parameters Xa as 

pl/2 ^ p{l)p(l/2). _ p IP 

Since the matrix C; is orthogonal, one has Fa — F. In terms of the Fa we can rewrite (5.2.5a) 
as 

s^M^ \ M^-s-iMF ^^^-""^^ ""'^ ' ^'-'-''^ 

Thus we see that in the presence of a resonance all channels show a Breit-Wigner behaviour, plus 
a backgroimd due to the reflection of all the nonresonant eigenphascs. 

If, for a given channel, Xa — 1, then we say that, in this channel, the resonance is elastic; if 
Xa < 1/2, we say that it is inelastic. For elastic resonances, and if the phase is near n/2 at the 
resonance, the parameter t] of (2.1.4) is related to x by 

?7 = 2a; - 1. (5.2.6) 

In general, when we have a resonance (even in the presence of multiparticle channels) we can 
write, for a given two-particle channel a, 

9 1/2 M^r^ 
Im/£)(s) ^ - — , , ' ^xBR (5.2.7) 

with F the total width, and BR the branching ratio into channel a, BR = Fa/F. 
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5.3. Resonance parametrizations in the two-channel case 



We will now present explicit formulas for parametrizations of resonances in the important case 
where only two channels are open. We start by changing a little bit the notation, writing, for 
obvious reasons, g^"^^ for the two eigenvalues of g;. 

We want to present parametrizations that profit from the analyticity of so that they are 
not only valid on the resonance; thus, we will write our formulas in terms of Actually, we will 
use as parameters the diagonal elements of <?[\^(s), ^?22(*)' ^^'^ determinant, that, because 
we have a resonance at s = M^, we may write as det*i(s) = 7(s)(s — M^), with 7(5) a smooth 
function (that can in most cases be approximated by a constant). 

Next, we express the gi^^ in terms of these parameters. We let A and r be the determinant 
and trace of gj. We have, on one hand, and in the physical region for both channels, 



and, on the other, 

A =det{gi) = (fcifc2)-2'-idet*i(s) = {hk2)-^^-'-f{s){s-M^), 
r=Trg, = fcr'^+i<)+fc2-^'-i<?«. 



(5.3.1b) 



The resonating phase is di~^^ if r is positive and 5^ ' if r is negative because, from (5.3.1), it follows 
that A vanishes for s = M^. 

The mixing matrix can also be obtained explicitly. One has, 

■Sine/ cos 6 J 1^ ^(+) _ ^(") J 



5.4. Reduction to a single channel. Weakly coupled channels 

We will now consider the case in which one has two channels, but we are interested chiefly on one 
of them, that we will denote by channel 1. We will further assume that this channel opens before 
channel 2. Below the opening of channel 2, the formulas reduce to those of one single channel, so 
we can write (cf. (3.1.5)) 

ff^ - • (5.4.1) 

may be expressed in terms of using (5.2.2). We define Ka — ika and get, 

H^.r^MUdet*(o 

= — ] • (5.4.2) 

2si/2 '^2 + ^22 

Before the opening of channel 2, and above the l.h. cut, is, as expected, real and analytic. 
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It is worth noting that Eq. (5.4.2) is still valid above the opening of channel 2, but K2 will now 
be imaginary. Because of this some care has to be exercised to identify the quantity d^}. Prom 
(2.1.2), which is valid above threshold for channel 1, but below channel 2 threshold we have, using 
(3.1.5), 

cot4^(5) = |J^^il'(5), (5.4.3) 

with ^gj' given by (5.4.2). But, because K2 becomes imaginary above the opening of channel 2, it 

follows that cot (s) will be complex there. This is of course to be expected; a real s[^} (s) implies 
strict elastic unitarity. 

We next continue with two channels, but now assume that they are weakly coupled. This is 
made transparent by writing 

=€12, 

and we will work to lowest nontrivial order in £12. We can write, 

^22 ^ :^TT72^2'"^^ 

^ i 

2S^/^ ^ ) 22 28^^ ^ ) ^2 

Expanding to lowest order in the mixing, this becomes 



,(0 _ J- ^1 
III — 



(I) 



1 + '-^ \ (5.4.4) 



11 2sl/2"'l "^22 2sV2"'2 

i.e., like an effective one-channel amplitude, 

1 i,2;+i 

= (5-4.5a) 



J_l,2i+1 
.1/2 '^1 



11 2sV 

modulated by the factor 

(0 

^11 oa/2'^1 ^22 0,1/2 '*^2 



= 1 + ^11 : (5.4.5b) 



2si/2-i -22 2si/' 
one has, 

/W=/Wg('). (5.4.5c) 
In the case in which we have a resonance in each channel, we write 

cZ>« (s) ~ {m! - s)/7i, ^2 is) ^ (M| - s)/72. (5.4.6) 
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In this case (5.4.4) becomes 



•'11 



1 



X <^ 1 + 



i/fcf+^7i/2sV2 
Ml-s 



ei272A;2 



(5.4.7) 



kf+^ {Ml - s - ifcf +Vi/2sV2) M| - s - ifc^'+i72/2sV2 J " 



It is noteworthy that, if the resonances are narrow, and not too near the thresholds, the modulation 
of the first (Mi) by the second is negligible (of order 72612) except on top of the second, s ~ M|. 
The mixing angle also has a simple expression now: 



sm.9 



£12 



21+1^(1) 



22 



(5.4.8) 



We note to finish that the coupling of the channels displaces the resonances. Defining them as 
solutions of the equation ^ 

det *(M^) =0, a = 1, 2, (5.4.9a) 

we see that e.g. for the first we have 



Ml = Ml + 



7172612 
M^ - M? 



(5.4.9b) 



5.5. Unitarity for the form factors 



The expression for the form factor of scalar particles A, A (which we consider with electric charge 
±e) in the timelike region is defined, for example, in terms of the process 

e'^e~ — > AA. 

The corresponding matrix element may be written, to lowest order in the electromagnetic interac- 
tion, and with the effective photon-hadron interaction £eff = eJ^{x)A^{x), as 

{A{pi)A{p2)\S\e+{k,)e-{k2)) = ie'-^v{k,)j^u{k2)- 



(27r)3^^ i^'M-V-/(p^+p2)2 

x(27r)45(fci +fc2 -pi -p2){A{pi)A{p2)\J^mO), 
and we recall that the form factor is defined (for spinless particles) as 

{A{p^)A{p2)\J''mO) = (27r)-3(pi -p2rF{s), s = {p, +p2f. 
Let us write the S matrix as 6" = 1 -|- iT so that 

{f\T\i)^6{pf-pi)F{i^f). 
Unitarity of S implies the relation 

T-T+ ^ -TT+. 
1 
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Taking matrix elements, we get 

lm{AMAa{P2)\T\e+e-) = \{AMMP2)\TT+\e+ e') , 

and we have assumed that we have several two particle channels, denoted with the index a. Sum- 
ming now over intermediate states, we find 



= E / ^f^^(^a(Pi)^(P2)|T|A(gi)^(g2))(A(9i)^(g2)|T+|e+e->. 
^ J ^qw ^q20 



lm{AM^a{p2)\r\e+e-) 
d^qi d^qa ^ 

In terms of the form factors and scattering amplitudes, therefore, 
d^qi d^qa 



/ ^^{qi-q2rF:{s,){AMMP2)\T\A{q,)AM) 

ir^^iqi + q2 - Pi - P2){qi -q2TF^{sg)Fab{qi,q2 ^Pi,P2), 
^ 2gio ^q20 



Sq = (gi + q2)'^- In the cm., (pi — ^2)" = 0, (pi — = 2fci with k the cm. three-momentum. 
Considering the spacelike part of above equation (the timelike part is trivial) we find, after simple 
manipulations, 



ImF„(s) = i^^F,*(s,) J ^{cl^p^)^{2p^o-qlo)Fab. 



d^qi 
lio 

Writing 



F,, = J2i'^l + l)Pi{cose)fil 

I 



cosd — {ciipi)/kakb, ka = |pi|, kh = |qi| we finally obtain the expression of unitarity in terms of 
form factors and p.w. amplitudes: 

b " 

One can diagonalize this. With the formulas for the fj^^ in terms of the eigenphase shifts, da^ , 
and the diagonal p.w. amplitudes, we find (matrix notation) 

ImC-^k^/^F = |f(i)C-^k3/2p* 

It follows that the combination 

3/2, 



has a phase equal to For the one channel case this proves the equality of the phases of form 
factor and p.w. amplitudes with the appropriate quantum numbers; for the electromagnetic form 
factor, the P wave and for the scalar one, the SO wave. 



^^We hope there will be no confusion between the form factors, Fa, and scattering amplitudes. Fab = 

Fab{s,t). 
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5.6. Unitarity for correlators 



We will for definiteness consider a correlator^^ of vector currents (not necessarily conserved), V^: 

n^,{q) = i J d^xe"i-'={TV^{x)vJ{0))o = {-q^g^,,. + q^q,)n^,{q^) + q^q^Hsiq^), (5.6.1) 

and we have split it into a transverse component (iltr) and a scalar one (lis). If the current was 
conserved, d ■ V — 0, then Us — 0. 

The imaginary part of the correlator is given by the expression 



(5.6.2a) 



V(g) = Imi7^.(g) = i J d^xe"^mV^{x), fJ(0)])o, q^ > 0; 
Inserting a complete sum of states, Y2p \r){r\, this becomes 

V((7) = i / d4xe'^-^(o|F^(x)|r)(r|v;t(o)|o). 

Writing also 

(o|F^(x)|r) = e-^--(o|y^(o)|r) 

we get the result 

V(g) = i(2^)4^%-pr)(o|v;.(o)|r)(o|K(o)|r)*. (5.6.2b) 

r 

(Of the two terms in the commutator only the first gives a nonzero result, because necessarily the 
momentum of F, pr, has to be timelike). In particular, (5.6.2b) implies that /^i, is positive definite, 
i.e., for any p (even complex), ^*Ini,p'^ > 0. If we write 

Inv = {-'fguv + (lnQi^) Imlltriq'^) + q^q^ ImiTs(g^) (5.6.3a) 

then 

Imi7tr>0, ImiTs>0. (5.6.3b) 

We will consider two important cases of intermediate states: when \r) is a single particle state 
of mass m, any spin, and when it is the state of two spinless particles. In the first case, 

^3^ 



and A is the third component of the spin. Then, and working in the cm. reference system where 
90 = y^=s^/^, q = 0, 

7^.(g)=i(27r)4^ J ^^S{q-pmV,mp,X){0\KmP,>^)* 

- (2^)%r.i/2 _ X- V2F^{q,X)V2F*{q,X) _ 
4si/2^^« ^^Z^ (27r)3/2 (2;r)3/2 ' 



^We write, generally, {A...B)o = {0\A . . . B\0). 
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(0|V;(0)|p, A) = ^.^F^ip, A). (5.6.4a) 



we have defined 

(27r)3/2"'^^ 

If the particle is a pion vr^ and is the weak axial current, — u'Ju'y^d, then A) is related 
to the pion decay constant, f^: 



F^,{q, A) = f^p^, U - 93 MeV, (5.6.4b) 
see Chapter 8. In general we have 

V((/) = 27r(5(s-m2)^F^(9,A)F,(g,A)*. (5.6.5) 

X 

For the case of a two-particle intermediate state, with spinless particles. 



r 



\V\V2)'<P\V2\ 



2pio 2p20 
and then 

V(9)=^(2vr)4 /■ ^|^5(p_p^_^^)^o|y^(0)bip2)(0|K(0)biP2)* 

= 2^1 <^'k6{s-{pi+p,fmv^mp,p2){mmpw2r; 

k = pi = — P2- If we assume that the current is conserved, we can express the expectation value 
of the current in terms of a form factor,^* 

{0\V^mPi,P2) = J^iPi -P2)^.F{s), (5.6.6) 

hence 

= 2(2;r)^Ji/2 J d'fc<5(s- (pi +P2)')(pi - P2)^(pi - P2).. 

The integral is easiest calculated in the cm. reference system. Here (pi —p2)fi = 2fcp, and we have 
defined fco|c.m. = 0. If /x is the mass of the particles in the intermediate state (assumed equal, as 
they have to be if the current is conserved), then {pi +P2)^ — 2(/Lt-^ -|- k^). In spherical coordinates. 



The angular integral, returning to an arbitrary reference system is 
so we get the final expression 



Imi7,,(a) = ^ ("-^^T' \F{s)\\ (5.6.7) 



67r V s 



*If the current is not conserved we will have terms proportional to pi + p2 in (5.6.6). 
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6. Extraction and parametrizations 
of p.w. amplitudes for tttt scattering. 
Form factors 



6.1. TTTT scattering 

There is of course no possibility to arrange collisions of real pions. One can get information on some 
phase shifts, at a few energies, from processes such as kaon decays, or from the pion electromagnetic 
or weak form factors (about which more later). But a lot of, unfortunately not very precise, 
information comes from peripheral pion production, that we now briefly discuss. 

What one does in these types of experiments is to collide pions with protons and produce two 
pions and either a nucleon, TV, or a resonance A: 

np — > nivN; np — > nnA. 

One selects events where the momentum transferred by the incoming pion to the proton is small 

and thus one can assume that the process is mediated by exchange of a virtual pion (Fig. 6.1.1). 
The process np ttttA is in principle more difficult to analyze than np rnvN; but the last 
presents a zero for ~ 0, thus suppressing it in the more interesting region: both processes 
arc. in consequence, ociually well (or equally poorly) suited for extracting tttt scattering data. We 
then expect that the scattering amplitude for the full process will factorize into the tttt scattering 
amplitude, with one pion off-shell, F{s,t;p'^), and the matrix element {H\(f>Tr\p^) . Here H = N, A 
and cpT^ is the pion field operator. 

It is clear that the method presents a number of drawbacks. First of all, a model is necessary 
for the dependence on p^^ of F{s,t;p'^) and {H\(f)j^\pT^) . Indeed, a model is required for {H\(f)j^\p) 
itself. Secondly, in factorizing the full processes one is neglecting final state interactions between 
the pions and the AT or A. These are presumably small, but only rather crude models exist for 
them. 




Figure 6.1.1. 

Diagrams for wp ttttN, A. 
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Another very important problem is that, as soon as inelastic channels become important for 
TTTT scattering, which occurs for s^/^ ~ 1 GeV for the S wave and for s^^'^ ^1.4 GeV for P, D 
waves, the analysis becomes impossibly complicated: the errors grow very fast.^^ Indeed, above 
s^/^ ~ 1.5 GeV it is impossible to disentangle the interesting processes from a number of other 
ones and, as a consequence, there are no any reliable data. We will discuss this more in Sect. 6.6. 

As a consequence of all these difficulties, it happens that the sets of phase shifts one extracts 
from data present unknown biases and, in particular, are dependent on the models used to perform 
the fits. This is very clear in the several sets of solutions presented by Protopopescu et al. (1973), 
Estabrooks and Martin (1974), and in the large errors of the analysis of Hyams et al. (1973) or 
Grayer et al. (1974). We could have tried to quantify this by introducing systematic errors (for 
example, the difference between various determinations). This we do in some cases; in others we 
simply admit that a /d.o.i. of up to 2(t, with only statistical errors, may be acceptable. 

A help out of these difficulties is to use supplementary information from processes like 

e"'"e~ — > 7r"'"7r~, r"*" — > C'T-7r'''7r°, K ^ iDiTrn, iiT — > 27r. 

We will discuss them later later, but note already that this only provides information on the 
S, P waves at low energy (s < 1 GeV^). Another possibility is to supplement the experimental 
information with theory; in Sects. 6.3 to 5 of this chapter we take into account the analyticity 
properties of p.w. amplitudes to write economical and accurate parametrizations of these; the 
implementation of other constraints, such as dispersion relations, is left for next chapter. 



6.2. Form factors and decays 



6.2.1. The pion form factor 



The process e'^e — > n'^n (Fig. 6.2.1) can, at low energy t^/'^ < 1 GeV, be related to the pion 
form factor. We write 

u(o)(|g+g- hadrons) 



a(o){e+e- n+ii') 



= 127rImiT(i), 



where iT is hadronic part of the photon polarization function and the superindices (0) mean that 
we evaluate the so tagged quantities to lowest order in electromagnetic interactions. At low energy 
this is dominated by the 27r state and we have 

1 (. 



Imi7 = Im7T2^(t) = — (^l-^J \F^{t)\' . (6.2.1) 

The evaluation of the pion form factor is slightly complicated by the phenomenon of lo — p 
interference. This can be solved by considering only the isospin 7 = 1 component, and adding later 
the a; ^ 277 and interference separately; that is to say, in a first approximation we neglect the 
breaking of isospin invariance. We will also neglect for now electromagnetic corrections. In this 
approximation the properties of FT^[t) are the following: 



""^^In fact, it can be proved (Atkinson, Mahoux and Yndurain, 1973) that, even if one only has two channels, 
say, TTTT and KK, there is no unique solution (at fixed energy) unless one also measured tttt KK, and 
KK KK as well. That inelastic channels axe important for s^^'^ ^1.4 GeV is clear by looking at the 
branching ratios of resonances with higher mass. 
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FlGURE 6.2.1. 
Diagram for 



(i) F.j^{t) is an analytic function of t, with a cut from to infinity. 

(ii) On the cut, the phase of ^^^(i) is, because of unitarity, identical to that of the P wave, 1=1, 
WIT scattering, Si{t), and this equality holds until the opening of the inelastic threshold at 
t = So- This we showed in Sect. 5.4, and the property is known as the Fermi- Watson final 
state interaction theorem. 

(iii) For large t, F„{t) ~ This follows from perturbative QCD. 

(iv) F(0) = 1. 

The inelastic threshold occurs, rigorously speaking, a,tt = 16/x^ . However, it is an experimental 
fact that inelasticity is negligible until the quasi-two body channels un, gitt . . . are open. In practice 
we will take 

So - 1 GeV^ 

and fix the best value for Sq empirically. It will be .Sq = 1.05^ GeV'^, and it so happens that, if we 
keep close to this value, the dependence of the results of our analysis on sq is very slight. 

6.2.2. Form factor of the pion in r decay 



Besides the process e+e^ tt^tt" one can get data on the vector pion form factor from the decay 
r+ Vt-tt^-k^ (Fig- 6.2.2) For this we have to assume isospin invariance, to write the form factor 
v\ for T decay in terms of : 

^1= 1^(1-^) ^ \F^it)\^ (6-2.2a) 
where, in terms of the weak vector current — uj/j^d, and in the exact isospin approximation, 

= +P^P.) n^'it) = i / d4xe'f-(0|TF+(x)K(0)|0); 



vi = 27rlmir^. 



(6.2.2b) 



Eq. (6.2.2) may be verified inserting a complete set of states in the expression for ImiT^, and 
assuming it to be saturated by the states |7r"'"7r°); cf. Eq. (5.6.7). 
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We next make a few remarks concerning the matter of isospin breaking, due to electromagnetic 
interactions or the mass difference between u, d quarks, that would spoil the equality (6.2.2a). It 
is not easy to estimate this. A large part of the breaking, the a; — » 27r contribution and to — p 
mixing, may be taken into account explicitly (for the form factor in tt+tt^) with the Gounnaris- 
Sakurai (1968) method, but this does not exhaust the effects. Eqs. (6.2.2) were obtained neglecting 
the mass difference rn„ — rrid and electromagnetic corrections, in particular the 7r° — 7r+ mass 
difference. We can take the last partially into account by distinguishing between the pion masses 
in the phase space factor in (6.2.2a). To do so, we write now (6.2.2b) as 

nl,=\j d4a:e'f-(0|TV+(x)K(0)|0) = {-p^g^. + p^p.) n^{t) +p^p.n^; v, = 27rImiT^. 

(6.2.3a) 

We find 



12 



{m^+ - m^o)^ 
t 



(m^+ + m^oY 



3/2 



F^{t)\'. (6.2.3b) 



To compare with the experimentally measured quantity, which involves all of ImTT^^^, we have to 
neglect the scalar component . This is reasonable, as it is proportional to (rn^ — m„)^, and 
thus likely very small. This matter of isospin breaking one thus treats in successive steps. First, we 
neglect isospin breaking. Then we take it into account by admitting different masses and widths 
for the resonances p^, p+, including u! — p mixing, and taking into account the difference in phase 
space, etc. Before doing so, however, we must develop the necessary mathematical tools, which we 
will do in next chapter. 

6.2.3. Ki4 decay 

We now consider the so-called K14 decay {K14 stands for leptonic four body decay), 

K — > li'iTT'^n~ , 

with I an electron or a The effective lagrangian for the decay is 

Gf sin 

where Gp is Fermi's constant, 9 the Cabibbo angle, and s, u the field operators for the correspond- 
ing quarks. The decay amplitude is then 

FiK - Win+n-) = ^^^vn,{l - l,)u,,F^{s); (6.2.4a) 



3mt,eff = ^7/i(l - S-i^{l - 75)^, 
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the form factor is 

F'^(s) = (7r+(p+)7r-(p_)|s(0)7''75w(0)|if), s^{p++p-f. (6.2.4b) 
If we expand into a scalar (Fg) and a vector piece, Fp {P for P wave), 

= {p''++p't)Fs + {p^+ - p^_)Fp, (6.2.5) 
then one can, with an argument like that of Sect. 5.5, show that 

^igFsis) = 5'i\s), aigFp{s) = 6i{s). (6.2.6) 
It follows that, by measuring the differential decay rate 

dr{K ^ WiTv+TT-) 
d,sdJ7p ' 

with p = p+|c.m., we can separate the contributions from |-Fpp and the interference piece, 

F^Fp = \Fs\ \Fp\ cos[6^q\s) - 6i{s)], and thus get the difference of phases 6^°\s) - 6i{s). This 
provides very important information on low energy tttt scattering, particularly since, in this process, 
both pions are on their mass shell. 

6.2.4. The K ^ 217 decays 

If we denote by H\y to the weak interaction hamiltonian, we will consider the matrix elements 
related to the decays K'^ — > tt+tt*^, Ks — *■ tt+tt" and Ks — > tt^tt": 

{n+n''\Hw\K+) = - {2,l\Hw\K+), 



{7r+TT-\Hw\Ks) = - VI {'^,0\Hw\Ks) - a/I {0,0\Hw\Ks), 
{■k\''\Hw\Ks) = VI {2,Q\Hw\Ks) - {Q,mw\Ks). 

Here the labels in the (J, J3 1 refer to isospin and third component thereof. From the Fermi- Watson 
final state interaction theorem, it follows that 

{I,h\Hw\K) = \{I,h\Hw\K)\A"^^''<\ (6.2.8) 
and, therefore, measuring the three decays provides a determination of the difference of phase shifts 

5^^\rn],)-5^^\ml). (6.2.9) 

A precise analysis requires considerations of isospin violation, especially by electromagnetic 
interactions,^® that shift the phase by some 4° . The old experimental determinations gave (see, 
e.g. Pascual and Yndurain, 1974) 

5f\ml:) - S^o\m'j^) = 58.0 ± 4.6° , (6.2.10a) 

while more modern determinations of the kaon decays (Aloisio et al., 2002; Gatti, 2003) have led 
to the numbers 

^0 irn\) - 4^ {m\) = 48.5 ± 2.6; 

° ^ (6.2.10b 
4 (^k) - '^0 {^k) = 47.8 ± 2.8. 



^^Belavin and Navodetsky (1968); Nachtmann and de Rafael (1969); Cirigliano, Donoghue and Golo- 
wich (2000). 
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6.3. The P wave 

We present in this and the following two sections of the present chapter paranietrizations of the S, 
P, D and F waves in tttt scattering that follow from the theoretical requirements we have discussed 
in previous chapters, and which agree with experimental data (we will also say a few words on 
G waves). To check that the scattering amplitude that one obtains in this way is consistent with 
dispersion relations or the Froissart-Gribov representation will be done in the following chapter. 
When neglecting isospin violations we will take the Gasser-Leutwyler convention of approximating 
the pion mass by M^. = m^ri . 

6.3.1. The P wave in the elastic approximation 

We will consider first the P wave for tttt scattering, because it is obtained at low energy with 
a method different from those used for the other waves. We start thus considering the region of 
energies where the inelasticity is below the 2% level; say, sq < 1-1 GeV^. We will neglect for the 
moment isospin invariance violations due to e.m. interactions or the u — d quark mass difference. 
This implies, in particular, neglecting the lj and interference effects. 

We may use the analyticity properties of (s) to write a simple parametrization of (s) , hence 
of 5\{s). An effective range expansion is not enough, as it only converges in the region |s — 4M^| < 
(Fig. 3.1.2). To take fully advantage of the analyticity domain, shown in Fig. 2.1.1, the simplest 
procedure is to make a conformal mapping of the cut plane into the unit disk (Fig. 6.3.1) by means 
of the transformation^'^ 

w = —= , 6.3.1) 

One can then expand $\ (s) in powers of u;, and, reexpressing w in terms of s, the expansion will 
be convergent over all the cut s-plane. Actually, and because we know that the P wave resonates 
at s = M^, it is more convenient to expand not ^i(s) itself, but ^(s) given by 

<Pi(s) = (s-Af2)^^(,.)/4; (6.3.2a) 

so we write 

ij{s) = {Bo + BiW + ---] . (6.3.2b) 
In terms of <?i (s) we find the expression for the phase shift, keeping two terms in the expansion, 



cot5i(s) = ^(M;-s) 



Bq + B^ 



(6.3.3) 



Mp, Bq, Bi are free parameters to be fitted to experiment. In terms of ip we have, for the rho 
width, 

2fc? 



^'^This type of paxametrization presents a number of advantages with respect to less efficient ones used in 

the literature. The gain obtained by taking into account the correct analyticity properties is enormous; 
see the Appendix B here for a discussion and an explicit example, and Pisut (1970) for other examples 
and applications to vrvr scattering. Moreover, the physical meaning of, say, (6.3.3) is very clear: Bq gives 
the normalization, and Bi is related to the average intensity of the l.h. cut and the inelastic cut. 
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FlGURE 6.3.1. The mapping s -> w. 



and the scattering length, ai, is 

= 4M^^i(4M2) = M^i,{4M^y ^^"^-^^^ 

The values Bq — const., Bi>i = would correspond to a perfect Breit-Wigner. Actually, it 
is known that the p deviates from a pure Breit-Wigner and for a precision parametrization two 
terms, Bq and Bi, have to be kept in (6.3.3). Note that the parametrization holds not only on 
the physical region 4M^ < s < sq, but on the unphysical region < s < 4M^ and also over the 
whole region of the complex s plane with Im.s 0. The parametrization given now is the one 
that has less biases, in the sense that no model has been used: we have imposed only the highly 
safe requirements of analyticity and unitarity, depending only on causality and conservation of 
probability. 

The best values for our parameters are actually obtained from fits to the pion form factor, 
that we will discuss in Sect. 7.2. Including systematic experimental errors in the fits, and fitting 
also the value ai = (38 ± 3) x 10~^ for the scattering length we have. 

Bo = 1.071 ± 0.007, Bi = 0.18 ± 0.05; Mp = 773.5 ± 0.85 MeV . (6.3.5a) 

The corresponding values for the width of the p and for the scattering length and effective range 
parameter are 

ai = (38.6 ± 1.2) X lO-^M'^, bi = (4.47 ± 0.29) x IQ-^M-^ 

(6.3.5b) 

=145.5 ± 1.1 MeV. ^ ^ 

Although the values of the experimental tttt phase shifts were not included in the fit, the phase 
shifts that (6.3.5a) implies are en very good agreement with them, as shown in Fig. 6.3.2. 

Eqs. (6.3.5) above were evaluated with an average of information on the two channels that 
contain the 7 = 1 P wave, tt+tt" (dominated by the p°) and Tr^Tr"*", dominated by the p"*". The 
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Figure 6.3.2 The phase shifts of sohition 1 from Protopopescu 
et al. (1973) (the dots, with errors of the size of the dots) compared 



with the prediction with the parameters (6.3.5a), described by the 

sohd line. We emphasize that this solid line is not a fit to the data 
of Protopopescu et al., but is obtained from the pion form factor. 



values for a pure (tt+tt ) are slightly different; we find 

5o = 1.065 ± 0.007. Si = 0.17 ±0.05, M„o = 773.1 ± 0.6, 

(6.3.5c 

Tpo =147.4 ± 1.0 MeV, ^ ' 

and ai, h\ do not change appreciably. However, this last feature occurs only because the fit was 
made including the constraint a\ — (38 ±3) x 10^^ ^^^'-i see Sect. 9.5 for more on this. Eqs. (6.3.5) 
provide an estimate of the importance of isospin breaking. 

6.3.2. The p and weakly coupled inelastic channels: UJ — p interference 

Because of the different masses of the u, d quarks, isospin invariance is broken and there is a 
nonzero probability of transition between tt+tt^ in isospin 1 and isospin states: hence, a small 
-but nonzero- mixing of the p and co resonances. 

To study this phenomenon a popular approximation is that of Gounnaris and Sakurai (1968). 
A consistent treatment requires a two-channel analysis. We denote by channel 1 to the P wave 
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isospin 1 7r"'"7r~ state, and channel 2 will be a P wave isospin zero Sir state. To be fully rigorous, we 
would have to set up a three-body formalism for the last; but we will simply take this into account 
replacing the two body by three body phase space for the cu. Using now Eqs. (5.4.4) to (5.4.7) we 
write 



.(1) ^1 ^iTi 

'^^ 7rM2-s-ifc?7^(s)/2sV2 



(6.3.7) 



\ fe3 (s) (M2 - s - ikf+\{s)/2sy^) Ml-s- iA;3 (s)7^/2sV2 J " 
Here we still have 

fci = iVs-4M2 (6.3.8a) 

but for ki^{s) we have to take the value following from three-body phase space. Because the in- 
terference effect is only important near s — M^, a reasonable approximation for it is to take ka, 
constant: this is the model of Gounnaris and Sakurai (1968). The model is completed if we take a 
constant width for the u), justified in view of its narrowness, but a full effective range formula for 
the p: 

l^=rl/2UMl), 7,(s) = l/<P(s), (6.3.8b) 

with ^(s) given by a parametrization like (6.3.3). The effect of this modulation is a shoulder above 
the p that may be seen in e.g. the pion form factor (cf. Fig. 7.2.1). 

6.3.3. The P wave for 1 GeV < s^/^ < 1.42 GeV 

In the range 1 GeV < s^/2 < 13 GeV one is sufficiently far away from thresholds to neglect 
their influence (the coupling to KK is negligible) and, moreover, the inelasticity is reported small: 
according to Protopopescu et al. (1973) and Hyams et al. (1973), below the 7% level. A purely 
empirical parametrization that agrees with the data in this references up to 1.2 GeV, within errors, 
is given by a modulated p tail, 

77 {Mp - s) ( 



(5i (s) = arc cot — — Hr; e l— , , „ „x 

?7= 0.75 ±0.10, e = 0.08 ±0.02. 

and the second term takes into account the effects of the inelasticity. 

For larger s^/2^ (6.3.9) is incompatible with the properties of the P wave as measured in the 
analysis of Hyams et al. (1973), or in e+e^ annihilations, where a highly inelastic resonance, that 
we here denote by p' , occurs around 1450 MeV. An alternate parametrization for the imaginary 
part of the p.w. amplitude that takes this into account is obtained by adding to the imaginary part 
produced by (6.3.9) the inelastic piece 

^ ^ 2si/2 BRxM2r2[fc/A;(M2]6 

Im/i;i„ei(s) - 



Txk {s-Ml,Y + Ml,r^[k/k{Ml,f' (6.3.10) 
Mp, = 1.45 MeV, F = 310 MeV, BR ~ 0.15. 

The value of BR could vary by 50%. For more details, see Appendix A. 
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6.4. The S waves 

6.4.1. Parametrization of the S wave for 1 = 2 

We consider two sets of experimental data. The first, that we will denote by "Hoogland A", 
corresponds to solution A in the paper by Hoogland et al. (1977), who use the reaction n^p 
TT+TT+n; and the second set, denoted by "Losty," corresponds to that from the work of Losty et 
al. (1974), who analyze instead n~p — > 7r~7r~A. We will not consider the so-called solution B in 
the paper of Hoogland et al. (1977); while it produces results similar to the other two, its errors are 
clearly underestimated. We will also not include in the fit the data of Cohen et al. (1973); it may 
be biased at low energy because it is obtained from scattering on neutons bound in deuterium. 
Neverteless, our fits go nicely over these experimental points. The result of Losty et al and Hoogland 
et al. (also those of Cohen et al.) represent a substantial improvement over previous ones; since 
they produce two like charge pions, only isospin 2 contributes, and one gets rid of the large isospin 
zero S wave and P wave contamination. However, they still present the problem that one does not 
have scattering of real pions. 

For isospin 2, there is no low energy resonance, but /q (s) presents the feature that a zero is 
expected (and, indeed, confirmed by the fits) in the region < s < 4M^. If we neglected this and 
wrote 

(2)/„^ _2s'/^ Bo + Biw{s) 



2k 4 



w = -V — , ' , So = (1.450 GeV)^ 

Vs + V So - s 

then we could fit the data with the parameters 

Bo = -1.87, Bi = 5.56. 

We have a not too bad /d.o.f . = 13.8/ (14—2) but the expansion has poor convergence properties 
as, in most of the region, \Biw\ is rather larger than |So|. The corresponding value of the scattering 
length would be a^^ = — 0.16M~^, way too large (that a naive fit gives a scattering length of this 
order has been known for a long time; see Prokup et al., 1974). Clearly, we have to take the zero 
of the partial wave into account. 

(2) 

The zero of /q (s) is related to the so-called Adler zeros (see Chapter 9) and, to lowest order 
in chiral perturbation theory, occurs at s = 2^2 with Z2 = M^. In view of this, in a first fit we 
extract the zero (leaving its value as a free parameter) and write 



cotS^^\s) = !^-^{Bo + B^wis)}. (6.4.1a) 



^2 

The quality of the fit improves substantially: we get /d.o.f. = 8.0/(14 — 3) and a second order 
term such that |i?iit;| < |Bo|- The parameters are now 

Bo = -116 ±5.6, Si =-127 ±9, 22 = 145 ± 21 MeV . (6.4.1b) 

w{s) is as for the D2 wave, Eq. (6.4.1b). 

In the fit (6.4.1) we have not considered experimental data above 0.97 GeV. The result for the 
scattering length, 

a(2) = (_o.061 ± 0.023) M'^. (6.4.1c) 
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Figure 6.4.1. The 7 = 2, S'-wave phase shifts corresponding to 
(6.4.1), with experimental points from Losty et al. (1974) (open cir- 
cles), Hoogland et al. (1977), solution A (black dots) and Cohen et 
al. (1973) (crosses). The dashed line is the S2 phase of Colangelo, 
Gasser and Leutwyler (2001). 



is compatible (within ~ Icr), as we will see, with the values suggested by chiral perturbation 
theory;^^ and this agreement is satisfactory also in another respect: the value for Z2 which the fit 
returns, Z2 = 145 ± 21 MeV, comprises the value expected from second order chiral perturbation 
theory that gives Z2 = 131 MeV. 

One can improve on this fit by using forward dispersion relations, in the form of tlie Olsson 
sum rule, see Subsect. 7.4.3. We moreover fix Z2 = M^. and fit all experimental data, up to 
s^/^ = 1350 MeV. One finds slightly different parameters: 



(2).. gi/2 m2 J- 
cot \s)=^ + + 



1/2 o (6.4.2a) 

So' = 1.45 GeV; x /d-o.f. = 17.2/(19 - 2). 

Bo= - 118 ± 2.5, Bi = -105 ± 2.5, Z2 = 139.57 MeV [fixed]. 
The value of the scattering length which this implies, 

a(2) = (-0.0422 ± 0.0022) M-\ 
is between what is obtained with the help of Roy equations by different groups: 

a^^^ = (-0.0444 ± 0.0010) M"^ (Colangelo, Gasser ad Leutwyler, 2001), 

a^2) = (-0.0382 ± 0.0038) M''^ (Descotes et al., 2002) , 

a^^^ = (-0.0343 ± 0.0036) M"^ (Kaminski, Lesniak and Loiseau (2003)). 



""^^The discrepancy in the central value is likely due to a systematic bias of the experimental data. In fact, 
if we also include in the fit the data of the Cern-Munich collaboration, in the version of Estabrooks and 



Martin (1974), the central value of Oq becomes 0.46 
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We have, for a precision representation, to include the inelasticity as determined in the exper- 
iments of Cohen et el. (1973) and Losty et al. (1974). We will take a purely empirical fit, 

r;^2) (s) = 1 - c(l - M2JJ/s)2/^ c = 0.28 ± 0.12. (6.4.2b) 

The fit is good, /d.o.f. = 4.2/(5 - 1), and this formula is supposed to hold for s^/^ > 0.96 GeV. 
We will take (6.4.2) to be valid up to 1.42 GeV. 

6.4.2. Parametrization of the S wave for 7 = 

The S wave with isospin zero is by far the most difficult to parametrize. Here we have a very 
broad enhancement, variously denoted as e, ct, /o, around s^/^ = ~ 800 MeV; we will use the 
name a. We will not discuss here whether this enhancement is a bona fides resonance; we merely 
remark that in all experimental phase shift analyses Sq'^s) crosses 90° somewhere between 600 
and 900 MeV. (This is not enough to class the object as a resonance. For example, the derivative 
d5o''^(s)/ds is more a minimum than a maximum at M^). 

There is also a possible resonance, which used to be called S* and is now denoted by /o(980), 
and another resonance (which was called e' in the seventies), labeled as /o(1370) in the Particle 
Data Tables, with a mass around 1.37 GeV. Moreover,we expect a zero of fo'^s) (Adler zero), 

hence a pole of the effective range function ^q°^(s), for s = Zq with Zq in the region < s < 4M^. 

In fact, chiral perturbation theory suggests that this zero is located at Zq = ^M^ but, as we will 
discuss in Subsect. 9.3.5, one cannot trust the accuracy of this prediction, unlike what happened 
for the 7 = 2 zero, Z2- 

1/2 

We can distinguish two energy regions: below Sq' — 2mK we are under the KK threshold. 
Between sj^'^ and s^/"^ ^ 1.2 there is a strong coupling between the KK and tttt channels and 
the analysis becomes very unstable, because there is little information on the process tttt KK 
and even less on KK — > KK. We will not treat this case here in any detail; the interested reader 
may find details and references in Yndurain (1975), Aguilar-Beni'tez et al. (1978). We will merely 
present, in the next subsection, an empirical fit in the region of energies around and above 1 GeV, 
and we will now concentrate our efforts in the low energy region. 

Below the KK threshold we can write a one-channel formula: 

cot 4°' (s) = («)• (6-4.4) 

To parametrize <?o°^ we have, as stated, a difficult situation, from the theoretical as well as from the 
experimental point of view. Prom the first, and because of the strong coupling of the KK channel 
above s = Am^, it is essential to take into account the presence of the associated cut. Moreover, 
and to reproduce correctly the low energy region data, the Adler zero cannot be neglected: we 
must necessarily use a complicated parametrization. 

On the experimental side the situation is still a bit confused, although it has cleared up 
substantially in the last years. The experimental information we have on this SO wave is of three 
kinds: from phase shift analysis in collisions irp — > tttt AT, A; from the decay 7C;4; and from the decay 
7C27r (Subsects. 6.2.3, 6.2.4). The last gives the value of the combination 5^'^ —5^^ at s^/^ = mK\ the 
decay Kn gives 5^^^ —5i at low energies, s^/^ ^ 380 MeV. If using the more recent K2-n information 
(Aloisio et al., 2002) together with the 7 = 2 phase obtained in the previous subsection, this gives 
the 7 = phase 

5^'^ {m%) = 43.3° ± 2.3° . (6.4.6) 
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The change is substantial from the previous experimental values that implied (Pascual and Yn- 
durain, 1974) 

4°)(m|f) =51° ±8°. 

Prom the various phase shift analyses one concludes that there is not a unique solution if 
fitting only tttt data; one can get an idea of the uncertainties in old analyses by having a look 
at Pig. 3.3.6 in the book by Martin, Morgan and Shaw (1975) or realizing that the values of the 
scattering length a^'^ that the various experimental fits (Protopopescu et al., 1973; Hyams et al., 
1973; Grayer et al. 1974) gave varied in the range 

0.1 < 4°^ < 0.9 

Today one can improve substantially on this thanks to the appearance of K14 decay data and to 
use of consistency conditions, but, as we will see, the situation is not as satisfactory as for the P 
wave. 

We will here consider here the following set of data to be fitted. Pirst of all we take the low 
energy data from Ki4 decay (Rosselet et al., 1977; Pislak et al., 2001). ^'-^ Then we impose the value 
ofS^°\m%) in (6.4.6). 

The main virtue of these data is that they refer to pions on their mass shell; but, unfortunately, 
this is not sufficient to stabilize the fit at high energy, s^^'^ ^ 0.8 GeV. Por this we have to add 
further data: 

6^0^ (0.870^ GeV^) = 91 ± 9° ; 5^°^ (0.9102 GeV^) = 99 ± 6° ; ^ 
(0.9352 Qgy2^ ^-^gg ^ go . 5(o)(o.9652 GeV^) = 134 ± 14° . 

These points are taken from solution 1 of Protopopescu et al. (1973) (both with and without 
modified moments), with the error increased by the difference between this and solution 3 data 
in the same reference. These data points have the rare virtue of agreeing, within errors, with the 
results of other experimental analyses. Their inclusion is essential; if we omit them, the fits would 
produce results at total variance with experimental information above s^^^ — 0.5 GeV. We will 
also include in the fit the data, at similar energies, of Grayer et al. (1974): 

5^°^ (0.912^ GeV^) = 103 ± 8° ; (0.929^ GeV^) = 112.5 ± 13° ; ^ 
4°^(0.9522 Qgy2^ ^ -^26 _t 16° . ^(0) (0.9702 Qgy2^ ^ -^^-^ _^ -^go _ 

The central values are obtained averaging the three solutions given by Grayer et al., and the error 
is calculated adding quadratically the statistical error of the highest point, the statistical error of 
the lowest point (for each energy) and the difference between the central value and the farthest 
point. Moreover, we add three points between 0.8 and 0.9 GeV obtained averaging the s-channel 
solution of Estabrooks and Martin (1974), which consistently provides the less biased data (see for 
example for the DO wave, fig. 6.4.1), and solution 1 of Protopopescu et al. (1973), which represent 



^^As a technical point, we mention that we have increased by 50% the error in the point at highest 
energy, s^^^ = 381.4 MeV, from the K^a compilation of Pislak et al. (2001), whose status is dubious; 
the experimental value represents an average over a long energy range that extends to the edge of phase 
space. 
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two extremes. The error is obtained adding the difference between these two in quadrature to the 
largest statistical error. In this way we obtain the numbers, 

4°^(0.8102 GeV^) = 88 ± 6° ; 5L°\o.830^ GeV^) = 92 ± 7° ; 
°/ (6-4.7c) 
(5^°^(0.8502 GeV^) =94 ±6°. 

We will not add points at lower energies (0.5 GeV < s^/^ < 0.8 GeV); the difference among 
the values foimd for the phases in different experiments is such that no meaningful value could be 
given for the errors. 

For the theoretical formulas we consider two basic possibilities. We impose the Adler zero at 

s = \M'^ (no attempt is made to vary this), and a resonance with mass a free parameter. 
Then we map the s plane cut along the left hand cut (s < 0) and the KK cut, writing 



a/2 ^ Ml - s 



and 



xl,{s)^[Bo + Biw{s) + B2w{sf]; w{s) = ^ , Vfo_^ ^ ^ Am], 

\' S + y Sq — S 

(we have taken niK = (0.496 GeV)). The complicated structure of this wave requires two or three 

parameters i?o, Bi and B2 (besides Mo-) for an acceptable fit. 

This parametrization does not represent fully the coupling of the KK channel and, indeed, 
the corresponding phase shift deviates somewhat from experiment at the upper energy range 
(si/2 > 0.96 GeV; see Fig. 6.4.3). We can, alternatively, try to use the reduction to one channel of 
the two channel formulas (5.4.1,2) and write 

Ko 

cot5^°\s) = ^Ms), Ms) = ^^, (6.4.9a) 

2si/2 ^•^22yt>) 



where K2 = \\jAw?j, — s. We take a linear approximation for the ^a, and a constant for <Pi2, 
requiring a zero of det * at s = and we allow Mf^ to vary between 1 and 1.4 GeV. So we 
write, 

<Pll{s) =Qi + /iiS, <P22{S) = a2+ (32S, . , 

„ „ (6.4.9b) 

det *=(«!+ /3is)(a2 + (^2s) - (ai + /3iM|J(a2 + /32M|J. 

This represents correctly the KK cut, but does not allow for the Adler zero or produce a dynamical 
left hand cut. Therefore we expect reliability of (6.4.9) near 4m^, but poor description near 
threshold, which is indeed the case. Wc do not try to combine the two parametrizations as this 
would lead to a hopeless tangle due to the large number of parameters and also to the appearance 
of left hand cut of KK, that the inherit (but which must cancel for 'ipei). 

Let us now turn to the results of the fits. First of all, we note that the inclusion of the value 
of the phase at s = m|- is essential; for example, if we had not included it we would have found 
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FlGURE 6.4.2. The 7 = 0, S-wave phase shifts corresponding to (6.4.10) 

(dashed Une) and what one would get with the old value 5g°''(M|^) = 
49° ± 5° , continuous line. Also shown are the points, at low energies, 
from the Ku experiments, the point from K27V decay (the more recent 
value), and the high energy data of Protopopescu et al. and Grayer et al. 
included in the fits. 



the following minimum:^'' 

Bo = 46.87 ± 0.68, Bi = 92.72 ± 1.47, B2 = 60.59 ± 3.24, 
M„ = 874 ± 30 MeV; (6.4.10) 
a^o^ = (0.274 ± 0.024) M''^; 5^°^ {m]^) = 30° . 

The /d.o.f. = 20.0/(20 - 4) is reasonable; the value of ^''^('^l:) is not. 

If we impose 5Q'\'fn%) as given in (6.4.6) we find quite different results. With only two B^s, 

^°That using only phase shifts data there are two alternate possibilities for the intermediate energy SO 
wave was recognized already by, e.g., Estabrooks and Martin (1974); see also the textbook of Martin, 
Morgan and Shaw (1975) for a discussion. 
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we have what we will call the B2 Solution, 



cot(5^"^(s) = 



3I/2 Mi Ml-s 



2k s-\Mi M2 



-DO + -Dl —7^. / 

VS + V So - s 



Bo = 21.04, Bi = 6.62, = 782 ± 24 MeV; 



,(0) 



(0.230 ± 0.010) X M- 



d.o.f. 

41.0° ±2.1°; 



15.7 
19-3' 



(6.4.11a) 



this fit we take to be valid for s^l'^ < 0.96 GeV. The errors of the Bi are strongly correlated; 
uncorrelated errors are obtained if replacing the Bi by the parameters x, y with 



Bo^y-x; Si = 6.62 - 2.59a;; j/ = 21.04 ± 0.75, x = 0±2.4. 



(6.4.11b) 




Figure 6.4.3. The / = 0, S-wave phase shifts corresponding to 
Eq. (6.4.11) (continuous line). Also shown are the points from Ku 
and decays, and the high energy data of Protopopescu et al. 
(black dots), Grayer et al. (open circles), and the s-channel solution 
of Estabrooks and Martin (black squares) included in the fits. 
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If we allow for an extra parameter a new minimum appears: 
cot^(°)(.)-^^^^ 



(6.4.12) 



sI'^ = 2Mk; xVd.o.f. = 11.1/(19 -4). 
M„ = 806 ± 21, Bo = 21.91 ± 0.62, Bx = 20.29 ± 1.55, Bi = 22.53 ± 3.48; 

4°^ =(0.226 ±0.015) M^^ 



This, that we may denote by Bi Solution, is something between (6.4.11) and the solution of 
Colangelo, Gasser and Leutwyler (2001), which indeed is comprised inside the errors of (6.4.12). 

Wc next say a few words on results using (6.4.9). The quality of the fit is substantially lower 
than all the fits given in (6.4.11,12). Although we expect (6.4.9) to reproduce better the high energy 
range, the lack of correct left-hand cut structure clearly disrupts the lower range. Thus, for the fit 
not imposing 5o°^('^ft') ^^'^ ^ X^/d-o.f. of 45/(15-4), certainly excessive; so we stick to (6.4.11). 

It is difficult to give reasons to prefer any of the two sets of parameters (6.4.11,12). Both give 
essentially identical results for the Olsson and Froissart-Gribov sum rules, but (6.4.11) looks more 
appealing in that the convergence properties of the conformal expansion are clearly superior to 
those of (6.4.12). For these reasons we will only give results using (6.4.11). 

The value of the scattering length that (6.4.11) gives compares well with the recent value of 
Descotes et al. (2002) who impose also the Roy equations, and less so with the solution of Colangelo, 
Gasser and Leutwyler, 2001: 



(0.230 ± 0.010) X M-\ [Eq. (6.4.11)] 

(0.228 ± 0.012) X M-^, [Descotes et al., 2002] ^ ^ 

(0.220 ± 0.005) X [Colangelo, Gasser and Leutwyler, 2001] 

(0.224 ± 0.013) X \ [Kamihski, Lesniak and Loiseau, 2003]. 



6.4.3. The 7 = S wave between 960 MeV and 1420 MeV 

As we have already commented, the description of pion-pion scattering above the KK threshold 
requires a full two-channel formalism. To determine the three independent components of the 
effective range matrix #, <Pii, <?22 and <Pi2, one requires measurement of three cross sections. 
Failing this, one gets an indeterminate set, which is reflected very clearly in the wide variations of 
the effective range matrix parameters in the energy-dependent fits of Protopopescu et al. (1973) 
and Hyams et al. (1973), Grayer et al. (1974). 

The raw data themselves are also incompatible; Protopopescu et al. find a phase shift that 
flattens above s^^^ ~ 1.04 GeV, while that of Hyams et al. or Grayer et al. continues to grow. 
This incompatibility is less marked if we choose the solution with modified higher moments by 
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Figure 6.4.4. 


Fits to the 7 = 0, S'-wave phase shift and inelas- 



ticity from 960 to 1300 MeV. Data from solution 1 of Protopopescu 
et al. (1973) (black dots) and Grayer et al. (1974) (open circles). 



Protopopescu et al. (Table XIII there). The inelasticities are more compatible among the various 
determinations, although the errors of Protopopescu et al. appear to be underestimated. 

In spite of this it is possible to give a reasonable semi-phenomenological fit to and r]Q^ , 
defined as in (2.1.4). We write 



cotjr(5) = co -' k^= ^" (6.4.i4a) 

and 



{s-Ml)(M)-s)\k-,\ , _^s- 4mj, 



.r=i-(c.^+4)^^^. («.i4b) 

In the first, cq and are free parameters and we fix Mj = 1320 MeV. In (6.4.14b), the free 
parameters are ci, C2 and we adjust M' to get the inelasticity agreeing with the central value 
given by Hyams et al. (1973) on the /o(1370). We choose to fit the data points of solution 1 of 
Protopopescu et al. above KK threshold, plus two values at 1.2 and 1.3 GeV of Hyams et al. for 
the inelasticity. For the phase shift, more conflictive as there is clear incompatibility between the 
two sets of experiments, we include the seven values of Protopopescu et al. for s^/^ > 965 MeV, 
and another seven points of Grayer et al. (1974), in the same range. The errors of these data have 
been evaluated as for (6.4.7). We find, 

Co = 1.36 ± 0.05, M<, = 802±11 MeV; xVdof = 36.2/(14 - 2) 

' ' /\ J 6.4.14c) 

ci= 6.7 ±0.17, C2 = -17.6 ±0.8; xVdof = 7.7/(8 - 2). 
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The errors for co , correspond to three standard deviations, since we have a /d.o.f . ~ 3. The 
fit (6.4. f 4c) presents the nice feature that tlie value of coincides, grosso modo, with what we 
found below KK threshold. The qualitative features of the fits may be seen in Fig. 6.4.4, where 
the incompatibility of the data of both sets of experiments is apparent. 

6.5. The D, F and G waves 

6.5.1. Parametrization of the I — 2 D wave 



For isospin equal 2, there are no resonances in the D wave (or, indeed, in any other wave), at least 
at low energies. This is an experimental fact that can be understood theoretically by recalling that 
one cannot have 7 = 2 with a quark-antiquark state. 

We would only expect important inelasticity when the channels nn pp nn ^ pnir open up, 
so we will take 

t^(g)= so = 1.452 GeV^ ~ 4M2 (6.5.1) 

V S + •y'So — s 

But life is complicated: a pole term is necessary to get an acceptable fit down to low energy since 
we expect 62 to change sign near threshold. The experimental measurements (Losty et al., 1974; 
Hoogland et al., 1977) give negative and small values for the phase above some 500 MeV, while we 
will see that chiral perturbation calculations (Sect. 9.4) and the Froissart-Gribov representation^^ 
(Sect. 7.5) indicate a positive scattering length, a^^^ c^i (2.2 ± 0.2) x 10"" M~^. 

If we want a parametrization that applies down to threshold, we must incorporate this zero of 
the phase shift. So we write 

cot^f (.) = ^ [i*. + BM.)] "'■=-^''> 

with A a free parameter and 



w{s) = ^ ^ so = 1450 MeV . 

Vs + V-sq - s 

Moreover, we impose the value for the scattering length that follows from the Froissart-Gribov 
representation, a'^^ — (2.22 ± 0.33) x 10"", in units of (see below, Sect. 7.5). 

We first perform a fit up to s^/^; we do not include in it the data of Cohen et al. (1973). 
Since these are obtained from scattering off bound neutrons (in deuterium) they are more liable 
to systematic errors at low energy and, in fact, if we included them the resulting elfective range 
parameter b^^ would be far from its expected value (see below). We only include two parameters 
Bq, Bi (Solution B2); we get a mediocre fit, /d.o.f . = 53/(16 — 3), and the values of the 
parameters are-^^ 

Bo = (2.30 ± 0.17) X 10^ Bi = -267 ± 750, zi = 103 ± 11 MeV; s^/^ < 1.2 GeV . (6.5.2b) 



An interesting feature of the Froissart-Gribov calculation is that the structure of 6^^ , in particular the 
zero near threshold, was in fact predicted from it (Palou and Yndurain, 1974). 

^^This fit, due to Pelaez and Yndurain (2003) corrects an error of the previous version of the present paper. 
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Doubtlessly the incompatibilities between the experimental data (which is obvious from a look at 
Fig. 6.5.1), probably related to those for the S2 wave, preclude a better fit. 

The fit returns a good value for the scattering length, and also for the effective range parameter. 



.(2). 
O2 ■ 



a^2^ = (2.20 ± 0.16) X 10"^ M^'^; b^^^ = (-5.75 ± 1.26) x lO"'' M„-\ (6.5.2c) 
to be compared with what we will get from the Proissart-Gribov representation (Sect. 7.5), 



a 



- (2.22 ± 0.33) X 10"'' M^--'; b^^^ = (-3.34 ± 0.24) x 10"'* M^"^. (6.5.2c) 



2 



(2) 

For once, the value of 02 more accurate than the value following from the Froissart-Gribov 

(2) 

calculation; the value of 63 differs by less than 2 a from the expected one. 

To get the parameters for the region above 1.0 GeV, we take simply a quadratic fit. We find, 



4^)(s) = (-0.051 ± 0.003) + a ( — ^ - 1 ) + 6 ( — ^ - 1 



2 



IGeV^ J VlGeV^ / ' (6.5.2d) 
a = - 0.081 ± 0.033, b = 0.042 ± 0.005; s > 1.0 GeV . 

We can add inelasticity to the D2 wave by assuming that it is something between zero and what 
one has for the S2 wave (Subsect. 6.5.1). So we would write, 

r?^ (s)=l-c(l-M,Vs)3/2, Meff = 0.96 GeV, c = 0.12 ±0.12; 

, (6.5.2e) 
> 0.96 GeV . 

We should add that it is possible to get a reasonable fit to data at all energies, with a fomuila 
like (6.5.2a), but we require four parameters Bi {Solution B4). Including also the data of Cohen 

et al. (1973) one gets, 

A) =(1-94±0.14) X 10^ Bi = (10.15 ± 1.3) X 10^ S2 = (18.68 ± 2.4) x 10^ 

(6.5.3a) 

B3 =(-31.04 ±5.5) X 10^; Z\ = 218 ± 22 MeV . 

The errors here correspond to 3 a. One has /d.o.f. — 57/(25 — 5) and the fit returns the values 
of the low energy parameters 

= (2.04 ± 0.5) X 10"'' M^'\ = (1.6 ±0.3) X 10"'* M^^. (6.5.3b) 

The large values of the parameters B — i, and the incompatibility of the three data sets, makes 
one suspect that the corresponding minimum is spureous. 

6.5.2. Parametrization of the / = D wave 



The D wave with isospin in tttt scattering presents two resonances below 1.7 GeV: the /2(1270) 
and the /2(1525), that we will denote respectively by /2, f2 - Experimentally, Ff^ — 185±4 GeV and 
Ff^ = 76 ± 10 GeV . The first, /2, couples mostly to tttt, with small couplings to KK (4.6 ± 0.5 %), 
4n (10 ± 3%) and rjr]. The second couples mostly to 2K, with a small coupling to 7777 and 2n, 
respectively 10 ± 3% and 0.8 ± 0.2%. This means that the channels tttt and KK are essentially 
decoupled: they only connect indirectly, so it is not very profitable to set up a multiple channel 
calculation. To a 15% accuracy we may neglect inelasticity up to sq = 1.42^ GeV^. The formulas 
are like those for the P wave; we will discuss them presently. 
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0.2 0.4 0.6 0.8 1.0 1.2 s'"(GeV) 



Figure 6.5.1. Fits to the 1 = 2, D-wave phase shift. Also shown 
are the data points of Losty et al., 1974 (open circles), from so- 
lution A of Hoogland et al., 1977 (black dots) and from Cohen et 
al. (1973) (crosses). 



There are not many experimental data on the D wave which, at accessible energies, is small. 
So, the compilation of phase shifts of Protopopescu et al. (1973) covers only the range 810 < 
§1/2 < X150 MeV. In view of this, it is impossible to get accurately the D wave scattering lengths, 
or indeed any other low energy parameter, from this information. We give here a parametrization 
whose use lies in that it represents with reasonable accuracy the data, something that will be useful 
later on. We write 

1/2 

cot6i°\s)^'^{M%-s)M^^{s), i;{s) ^ Bo + Biw{s) + ■ ■ ■ , (6.5.4a) 



and 



Vs- V^O - s 1/2 n \r 

w = , SrJ =1.43 GeV. 

V s + VSo - s 



We take the data of Protopopescu et al. (1973) and consider the so-called "solution 1", with 
the two possibilities given in Table VI and Table XIII (with modified higher moments). These data 
cover the range mentioned before, s^^^ = 0.810 GeV to 1.150 GeV. The problem with these data 
points is that they are contaminated, for s > 1.1 GeV'^, by the bias of the S wave with / = 
in the same region, whose values there are quite incompatible with those of other experiments 
(see Subsect. 6.5.3). For this reason we perform two fits: either including or excluding the data 
points for 5^2 > 1.075 GcV. In both cases we present results only for the version with modified 
higher moments (Table XIII in Protopopescu et al., 1973) as they are the ones that show better 
compatibility with other experiments. We also impose the fit to the width of the /2 resonance, 
with the condition Ff^ = 185 ± 10 MeV. We find, 

46 9 

^^=Yj3^, Bo = 20.16, Bi = 19.48, [Ah points]; 
Tj, = 213 MeV, 4°^ = 17 x 10"" M'^ 
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20° - 



10° - 




Figure 6.5.2. Fits to the / = 0, D-wave phase shift. Also shown 
are the data points from solution 1 of Protopopescu et al. 1973 
(black dots) and some data of Estabrooks and Martin 1974 (open 
circles). 



and 

20 ^ 

-P-^= — , Bo = 23.95, Bi = 18.91, [Points for < 1.075 GeVl; 

d.o.l. 10 — 2 

T/, = 187 MeV, 4"^ = 11 x lO^^^Af-^ 

The drastic decrease of the x^/d.o.f. when eliminating the higher energy points signals clearly their 
biased character. However, the parameters of the fits are reasonably stable, no doubt because we 
have imposed the correct width of the resonance f^- We can therefore take as our best result an 
average of the two determinations, with half their difference as an estimated error: 

Bo = 22.1 ±1.9, Bi = 19.2 ±0.3 (6.5.4b) 

and this corresponds to 

Tj, = 200 ± 13 MeV, af' = (14 ± 3) x lO^^* M-^ 

^^We remark again that the x^/d.o.f. is less poor than it looks at first sight, as it only takes into account 
statistical errors, while systematic ones are certainly is large as these. 
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reasonably close to their experimental values, the second as deduced from the Proissart-Gribov 
representation (cf. Sect. 7.6): 

4°^ = (18.1 ± 0.4) X IQ-^ M-^ = (-3.60 ± 0.25) x 10"^ M"^ 

(we also give the effective range parameter from the same source). 

An alternate possibility is to include the scattering length, as deduced from the Proissart- 
Gribov representation, in the fit, which completely stabilizes the results. Moreover, we take into 
account the inelasticity iteratively. We write 

cotd^^\s) = ^{Ml-s)M^^i;{s), ^{s) = Bo + BMs) + ■ ■ ■ (6.5.5a) 

and 

w(s) = vJiLV^2, So = 1430 MeV; M., = 1275.4 MeV . 

Vs + v-so - s 

We find, fitting also the points of Estabrooks and Martin (1974), 



,2 



d.o.f. 



:74/(21-2), So =22.4 ±0.1, Si = 23.3 ± 3.0; 



The very poor x^/d.o.f. is obviously due to the strong bias of the data of Protopopescu et al., 1973, 
clearly seen in Pig. 6.5.2. 

Above values of the Bi would give Fj^ — 196 ± 6 MeV. We will then take this solution to be 
valid up to KK threshold; on it, we join the solution to a new one, for which we impose the /2 
width; we get 

Bo = 22.5 ±0.1, Bi = 28.5 ±3.6. 

Therefore, we have 

_/ 22.4 ±0.1, s<4Mj„_ _/ 23.3 ±3.0, s < 4Mi, , . 



22.5 ±0.1, s>4M|. ' ' \ 28.5 ±3.6, s > 4M|.. 

We then take into account the inelasticity by writing 

ri, »<4Mj., 

= I l-2xe,^, .,=0.131 ±0.015; » > 4Mi. ("-S-SO 

k2 = -\/s/4 — M'^. We have fixed the coefficient ef fitting the inelasticities of Protopopescu et 
al., 1973, and the experimental inelasticity of the /2; the overall /d.o.f. of this fit is ~ 1.8. The 
fit returns the values 



o^"^ = (18.4 ± 7.6) X 10-^ X M- ', b'^ ' = (-7.9+ti^.o) x 10 x M., 
Fu = 185 ± 5 MeV . 



One could try to improve the fit by adding an extra term, B2W^, and requiring also the value of 62*^^ 
to agree with the chiral perturbation theory value (or with that obtained from the Proissart-Gribov 
representation, see below). In fact, we prefer to keep the larger errors given above; the values of 
the inelasticities and low energy parameters are compatible at the 1.5 a level with experimental 
information, and we feel that the improvement obtained by diminishing the errors would be made 
at the cost of reliability. 
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6.5.3. The F wave 



The experimental situation for the F wave is somewhat confused. According to Protopopescu et 
al. (f973) it starts negative (but compatible with zero at the 2cr level) and becomes positive 
around s^/^ = 1 GeV. Hyams et al. (1973) and Grayer et al. (1974) report a positive 6s{s) when it 
differs from zero (above s^/-^ — 1 GeV). In both cases the inelasticity is negligible up to, at least, 
5^/2 = 1.5 GeV. 

The corresponding scattering length may be calculated with the help of the Proissaxt-Gribov 
representation and one finds (Sect. 7.6) 



as = (6.00 ± 0.07) x 10"^ M"'^. 

It could in principle be possible that ds{s) changes sign twice, once near threshold and once near 
s^/^ = 1 GeV. However, we disregard this possibility and write, simply, 



a/2 



cot6s{s)^-^{Bo + BMs)}M^, ^s) = (6.5.6a) 

1/2 

with Sq = 1.5 GeV, and impose (6.5.5). 

It is to be understood that this parametrization provides only an empirical representation of 
the available data, and that it may not be reliable except at very low energies, where it is dominated 
by the scattering length, and for s^/'^ ~ 1 GeV. We find 

= Bo = (1.07 ± 0.03) X 10^ Bi = (1.35 ± 0.03) x 10^ (6.5.6b) 

For > 1.1 GeV, however, the effect of the P3(1690) resonance should be included; see Pelaez 
and Yndurain (2003) and Appendix A. 8 here for an explicit expression valid for Im/3. 

6.5.4. The G waves 

The experimental information on the G waves is very scarce. For the wave G2, we have six nonzero 
values for ^4 , two from Cohen et al. (1973) and four from Losty et al. (1974); they are somewhat 
incompatible. We then fit the data separately, with a scattering length formula; we write 

cot 5f\s) = ^j^B. 

If we fit he data of Cohen et al. (1973) we find B = (-9.5±2.7) x 10^ while from Losty et al. (1974) 
we get B = (—0.6 ±0.1) x 10^. Fitting both sets together we find B = —7.8 x 10^, and a very poor 
/d.o.f. = 30/(6 — 1). Enlarging the resulting error so to cover 6a we obtain our best result, 

cot ^ (s) = ^^^^^ B, B^ (-7.8 ± 3.3) x 10^ (6.5.7) 

This formula can only be considered as an empirical fit, valid for a limited range, 0.9 < 5^/2 < 
1.5 GeV. In fact, from the Froissart-Gribov representation it follows that the G2 scattering length 
is positive, 

af^ = (4.5 ± 0.2) X IQ-^ M"^ 
while (6.5.7) would give a negative value. 
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For the GO wave, the situation is worse: there are no experimental data on the phase shift. All 
we know is the existence of a very inelastic resonance with mass around 2 GeV. An effective value 
for the imaginary part of the corresponding partial wave may be found in Appendix A. 9. At low 
energy we can use a scattering length approximation with 

af^ = (8.0 ± 0.2) X 10"^ M-^. 

6.6. On experimental phase shifts in the range 1.4 GeV ~ s^/^ ^ 2 GeV 

As we mentioned in Sect. 6.1, we expect that, as soon as the center of mass kinetic energy in a 
reaction, i?kirn increases beyond 1 GeV, inelastic processes become more and more important with 
increasing energy, so much so that, for ii'kin ^ 1-2 GeV, they should dominate elastic ones. This is 
easily understandable in the QCD, ladder version of the Regge picture, as discussed in Sect. 2.4; and 
indeed, it is verified experimentally in the hadronic processes ttN, KN and NN, NN where, for 
-E-kin > 1-2 GeV, the elastic cross section is smaller than the inelastic one and, for E^^x^ > 1-5 GeV, 
the elastic cross sections are a third or less than the total cross sections. There is no reason to 
imagine that nir scattering would follow a different pattern. In fact, the experimental results on nn 
cross sections at high energies (like e.g., those of Robertson, Walker and Davis, 1973) have checked 
unambiguously all these features. 

In this case in which inelastic cross sections are large, and again as mentioned in Sect. 6.1, it 
can be proved theoretically that there is not a unique solution to the phase shift analysis: some 
sets of r/s and Ss may fit the data; but so would others. 

In spite of this, the Cern-Munich experiments'^'* have produced a set of phase shifts and inelas- 
ticities which go up to s^/^ ~ 2 GeV, which have been used in several theoretical analyses. Unfor- 
tunately, these phase shifts are likely to diverge more and more from reality as s^/-^ = E'^jn + 2M^ 
beomes larger and larger than (say) 1.5 GeV. This is suggested, besides the theoretical reasons 
mentioned in Sect. 6.1, because the Cern-Munich phase shifts and inelasticities clearly contradict 
a number of physical properties related to their (lack of) inelasticity: we will here mention a few. 

First of all, the inelasticities (1 — ??;^') for all the waves in the Cern-Munich results remain 
small in the range 1.6 GeV to 2 GeV. However, as we have remarked above, one would expect 
dominant inelastic cross sections there. For a given wave, equality of elastic and inelastic cross 
sections occurs for rji^^ = cos2(5|-^'' (cf. (2.1.4b)), and the condition to have the inelastic cross 

section much larger than the elastic one is rjl^^ <C cos2Si^\^^ This inequality is not satisfied by 
any of the Cern-Munich phases and elasticity parameters, except for the F wave on the p3(1690) 
resonance. The Cern-Munich elastic cross sections are larger or comparable to the inelastic ones 
up to s*/^ — 2 GeV and, what is worse, their inelastic cross sections, alone of all hadronic cross 
sections, decrease when the kinetic energy grows from 1 GeV to 1.7 GeV; for e.g., n'^n~ scattering 
this is clearly shown in Fig. 7 in the paper of Hyams et al. (1973). 

Secondly, the combination of 5 and t] for both P and SO waves at an energy around 1.8 GeV is 
incompatible with what QCD implies for the electromagnetic and scalar form factors of the pion. 

^■'Hyams et al., (1973); Grayer et al. (1974). 

^^For the P and DO waves, this suggests that one should have di > n, Jj"' > tt near 2 GeV. As we 
show below, there is extra evidence for the first inequality (violated by the Cern-Munich phase) from a 
different source. 
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In fact, as we will show in Sect. 7.2, the Brodsky-Farrar counting rules for these form factors imply 
that their phases 6{t) behave like 



{A is the QCD parameter). One may take (6.6.1) to hold for s > 3 GeV^ (s^/^ > 1.6 GeV). If one 

had negligible inelasticity for these waves somewhere in the region 1.6 GeV < s^^^ < 2 GeV, as 
the Cern-Munich data seem to imply, form factors and partial waves should have the same phase 
at such energies, and thus the same behaviour (6.6.1) should hold for 6i{s), S^^^ (s). But the phases 
the Cern-Munich experiment gives clearly contradict (6.6.1) aroimd 1.8 GeV. For example, the 
Cern-Munich phase 6i stays consistently below tt, while (6.6.1) implies that it should be above. 
We have already seen evidence on this coming from inelasticity inequlalities above. 

Thirdly, and as happens for nN, KN, NN and even 7A'^, 77, scattering, we would expect a 
levelling off of the total cross section for E^kin > 1-3 GeV. However, the Cern-Munich total cross 
section decreases roughly like 1/s up to 2 GeV. This is because P, DO phases are ~ n, and ^3 ^ 0, 
in the range £^kin > 1-3 GeV, while the corresponding parameters 77^^' are near unity there: the 
Cern-Munich scattering amplitude is almost exclusively S waves for > 1.55 GeV. 

Fourthly, we would expect large isospin S2 and D2 waves as we approach the 2p thresold. 
However, these waves are essentially ignored in the Cern-Munich analysis. Thus, besides the general 
problem for the cross sections we have individual problems for each of the SO, S2, P and D2 phases. 

Finally, both the Regge picture and the experimental cross sections for all hadronic processes 
indicate that the number of waves that contribute effectively to the imaginary part (say) of the 
scattering amplitudes grows with the kinetic energy as E'kin/^ for i?kin upwards of 1 GeV. We 
thus expect 2 to 3 waves (for fixed isospin) at E'kin ~ 1 GeV, and almost double this, 3 to 5 waves 
at i^kin ~ 1.7 GeV. In fact, for tttt scattering at this energy, the contribution of the F wave is as 
large as that of the P wave, the DO wave is as large as the SO wave, and the contribution of the 
D2 wave is as large or larger than that of the S2 wave: the partial wave series with only two waves 
per isospin channel is not convergent. The approximations that neglect all higher waves at such 
energies have another reason for being irrealistic. 

All these arguments indicate that, in particular, the inelasticities of the Cern-Munich phase 
shifts are much underestimated beyond ~ 1.5 GeV. It is possible that the results presented by the 
Cern-Munich group fit the elastic tttt cross section, but, because they feature insufficient inelas- 
ticity, they certainly misrepresent the total cross section. They must therefore lead to a distorted 
imaginary part of the tttt scattering amplitude. It is thus not surprising that Pennington (1975), 
Ananthanarayan et al. (2001) and Colangelo, Gasser and Leutwyler (2001), who fix their Regge 
parameters by balancing them above 2 GeV with phase shifts below 2 GeV, get incorrect values 
for the first. 

We would like to emphasize that what has been said should not be taken as implying criticism 
of the Cern-Munich experiment which, for s^^^ ^ 1.4 GeV, produced what are probably the best 
determinations of phase shifts and inelasticities. Above 1.4 GeV, they did what they could: it is for 
theorists to realize that this was not enough to produce acceptable phase shifts and inelasticities 
at these higher energies. 




(6.6.1) 
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7. Analiticity: dispersion relations and 
the Froissart— Grioov representation. 
Form factors: the Omnes— Muskhehshvih 
method 



7.1. The Omnes— Muskhelishvili method 



In the analysis of the pion form factors we have the fohowing situation: we have information on 
the phase of a quantity, F, and, in some cases, know experimentally its modulus. We would like 
to translate this into a general parametrization of the quantity. This last problem was first solved 
by Muskhelishvili (1958) and later applied to the physical case by Omnes (1958). We turn to this 
method. 

7.1.1. The full Omnes— Muskhelishvili problem 



We want to find the most general representation for a function, F{t), of which we know that it is 
analytic in the complex t plane, cut from t — to oo, assuming that we know its phase on the 
cut, 

arg F{t) = 6{t), Ajj.'^ < t. (7.1.1) 

This is the so-called (full) Onmes-Muskhelishvili problem. Note that we do not take the principal 
value of the argument here, except for s near threshold; we have to assume 5 to be continuous, so 
it could go above 27r at high energy. 

First of all, it is clear that, unless we have further information on F, the solution to this 
equation is highly nonunique. For, if Fo(i) is a solution to (7.1.1), then any 

e»*Fo(t), or e'"^'"Fo(i), ••. 

would also be a solution. Fortunately, in the physically interesting cases wo have information on 
the growth of F{t) at large t that precludes such functions. For example, and as already discussed, 
the Brodsky-Farrar counting rules imply that, for meson form fators, 

, ^ Const. ,„ ^, 

We will restrict our analysis to the case where 6{t) is Holder continuous (Muskhelishvili, 1958). 
We will also, in this subsection, assume that the phase has a finite, positive limit as f — > oo: 

d{t) 5{oo), S{oo) > 0. (7.1.3) 

t — >oo 

In fact, (7.1.2) implies d{oo) — tt, so it will turn out that (7.1.3) is really the condition that is 
relevant for physical applications; so we assume it. 

To solve our problem the first step is to form the auxiliary function 

J(t)^exp- Hds—^ -. (7.1.4) 

TT 74^2 s{s-t- iO) ^ ^ 
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We will assume that F{Q) = 1; otherwise, we would consider the function F{t)/F{Q). From (7.1.4) 
two properties of J are immediately obvious: J(0) = 1 and J has no zero in the complex plane 
(the last because, due to the continuity of S, the integral in the exponent is finite). 

It is easy to verify that the function J has the same analyticity properties and the same phase 
as F. For example, using the relation l/(a; ± iO) = P.P.(l/x) =F i7r5(x), we have 

1 r d. -^^^ = ^ p.p. r ds + iSit). (7.1.5a) 

^^4/^2 s(s-f-iO) TT ^4^2 s{s-t) 

At large t, the real part of the integral above dominates over its imaginary part and we find 

- / ds—. — ~ — i — -^og\t\. (7.1.5b) 

TT ^4^2 S{S — t — lU) t^oo TT 

In view of this last relation we obtain the behaviour, 

j{t) ~ |tr*(°°)/^. (7.1.6) 



Next step is to form the function defined by 



Fit) = G{t)J{t). 

Because J never vanishes, G{t) is, at least, analytic in the same domain as F(t). Moreover, since 
J and F have the same phase on the cut, it follows that G{t) is real on the cut. According to the 
theorem of Painleve, this implies that G is also analytic on the cut, hence G{t) is analytic in the 
whole t plane, i.e., it is an entire function. 

It is now that the growth condition (7.1.2) enters. The only entire functions that do not 
grow exponentially (or faster) in some direction are the polynomials. Hence, (7.1.2) implies that 
G{t) — Puit), where Pjv(0 is a polynomial of degree N: we have found the general representation 



F{t) = PN{t)J{t). (7.1.7) 

Now, which polynomials are allowed depends on the value of d{oo). We will simplify the 
discussion by assuming that 6{oo) = rnr, n an integer; the interested reader may find information 
on other situations in the text of Muskhelishvili (1958). On comparing (7.1.6) and (7.1.2) it follows 
immediately that N = n — 1. Thus, in the case (that will turn out to be the more interesting one 
for us here) in which n = 1, the function J is actually the most general solution to the problem: 



F{t)^J(t) [5(oo) = 7r]. 



(7.1.8) 
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7.1.2. The incomplete Omnes-Muskhelishvili problem 



In the physically relevant cases we do not know 5{t) for all t, but only up to a certain sq, typically the 
energy squared at which inelastic channels start becoming important. We will make the calculations 
for the form factor F of spinless particles with mass /x, so the results will be directly applicable to 
pions. 

The idea for the treatment of this case is to extend 6{t) to the full t range, in an appropriate 
manner, so as to reduce the problem to the previous one. Let us call 6es{t) to this extension, so 
that def{{t) = 6{t) for t < sq- We then form 

Jeff(t) = exp - r ds , ^^^f (7.1.9a) 

TT Jii^2 S[S — t — W) 

and define G by 

F{t) = G(i) Jeff(i)- (7.1.9b) 

Because now Ses{t) equals 5{t) only for < t < Sq, G{t) will not be analytic on the whole t plane, 
but will retain a cut from t — sq to oo. G will be an unknown function, that will have to be obtained 
from a model or fitted to experiment. Because of this, we have interest to have it as smooth as 
possible, so that a few terms will represent it. Since discontinuities of 5eff(i) will generate infinities 
of Jes{t), and of G{t), we must choose a smooth continuation of 6{t) above t — sq- Moreover, if 
we do not want to have a G growing without limit for large t, we have to construct a Jes{t) that 
decreases at infinity like F{t). These conditions are fulfilled if we simply define 

5(t), t < So] 

SMt) = { - (7.1.10) 

TT + [d(soj - ttJ y, t>So. 

In this case the piece from sq to oo in the integral in Eq. (7.1.9a) can be performed explicitely and 
we get 

/ ^ \ ll-S{so)/n]so/t / f 

F{t) = Git)JMt) = G{t)e'-'^^°^/- 1 - - 1 - - 

V So J V So J f7 111) 

t n ^ 5{s) ' y ■ ■ ) 



X exp < — / ds , . 
Vt^ Jiij? s(s -t-iO) 

If we knew that F{t) behaves exactly as 1/t, for t ^ oo, it would follow that its phase has to tend 
to TT at infinity. More generally, if one has, as in (7.1.2), 

, Const. 



t-oo -t\og''{-ty 

then this implies 

f-, loglogt 



t^oo y logt 

Therefore, 5efF in (7.1.10) may be then considered as a linear interpolation (in t~^) for 5{t) between 
So and infinity, and G{t) may be interpreted as giving the correction to this. 
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FlGURE 7.1.1 The mapping t —^ z. 



It only remains to write a general parametrizatioii of G{t) compatible with its known properties. 
To do so, we map the cut t plane into the unit disk in the variable z (Fig. 7.1.1), 



^Vsq- \/so - t 



(7.1.12) 



lVso + \/so -t 

The most general G is analytic inside this disk, so we can write a Taylor expansion for it, which 
conveniently we set in the form 

G{t) = 1 + Ao + ciz{t) + C2z{tf + C3z{tf + ■■■ (7.1.13a) 

This expansion that will be uniformly convergent for all t inside the cut plane. We can implement 
the condition G(0) = 1, necessary to ensure F{0) = 1 order by order, by putting 

Ao = - [cizo + C2zl + C3Z^ + ■ ■ ■] , zo = z{t = 0) = -l/3. (7.1.13b) 

We remark in passing that since, inside the unit circle, one has \z\ < 1, it follows that to every 
finite order in the expansion (7.1.13a), G{t) is bounded in the t plane. Hence F{t) and Jefi{t) have 
the same asymptotic behaviour, as desired. 

We end this section with a simple example that shows clearly the desirability of expanding 
a function which, like G, is regular at the frontier of the domain of analyticity (which happens 
because we were careful to extrapolate 6 without introducing singularities and keeping the correct 
asymptotic behaviour). Consider the three series 

oo 



1-Z 



n=0 



f 

Jo 



log(l - 2) = ^ -z" (B); 
log(l-i)^g 1 

n=l 
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The first has a pole, the second a logarithmic singularity and the third is regular at the edge of 
the convergence disk. The first series diverges there, the second is conditionally convergent at all 
points except at z — 1, and the third is convergent even at the edge of the disk. This pattern is 
general. 

7.2. Application to the pion form factors of the Omnes-MuskhelishviH 
method 

7.2.1. The electromagnetic form factor 

The application to the pion form factors of the formalism presented in the previous section is 
straightforward as, indeed, it was tailored for precisely this case. We start with the electromagnetic 
form factor. The function 5{t) is now the P wave phase in nn scattering, that we have denoted 
by 6i{t). If we consider tt+tt" scattering, then we have experimental information on \F{t)\ from 
e'^e~ — » 7T'^'K~ and, at i < 0, we can use data on F{t) from 7re~ scattering. If we take ir'^n^, then 
the information, at positive t, comes from the decay r+ Pt-tt'^tt'^ ■ We may parametrize 5i{t) as 
in (6.3.3); as for G{t), we take two terms in (7.1.13) and write 



ci, C2 free parameters. We remark that, although there are only two free parameters, this is because 
we have imposed the condition G(0) — 1; the expansion (7.2.1) gives correctly the first three terms. 

The quality of the fits, with only five free parameters {Bq, Bi, Mp] cq, Ci) is remarkable, as 
can be seen in the accompanying figures 7.2.1,2; the x'^ is, including systematic and statistical 
errors, /d.o.f. = 213/204 (the to — p interference effect was treated with the Gounnaris-Sakurai 
method) . 

Because we are interested not only on (relatively) rough estimates, but aim at pinning down 
fine details of isospin breaking as well, we will spend some time presenting the results. These results 
have been obtained in the course of the work reported by de Troconiz and Yndurain (2002), but 
not all of them have been published. 

We consider the following types of fits. Firstly, we may take into account tt+tt" form factor 
data (in the spacelike as well as the timelike regions) and data from t decay into uty^-k^ . Isospin 
breaking is incorporated by using the correct phase space for each case, and allowing for different 
masses and widths for p+; but the function G{t), whose cut only starts at t ~ 1 GeV^, is 
assumed isospin independent. This produces the best results for the hadronic contributions to the 
3 — 2 of the muon and for the mass and width of the p: 



However, for our purposes here it is more interesting to consider two other possibilities. We 

may use only tt+tt^ data (possibility A) or we may use both tt+tt^ and tt+tt" data, neglecting 
isospin breaking effects, in particular with the same p parameters (possibility B); this would then 
represent a kind of isospin averaged result. The departure of A from B will be a measure of isospin 
breaking effects. 




2 



(7.2.1) 



Mpo = 772.6 ± 0.5 MeV, FpO = 147.4 ± 0.8 MeV; 
Mp+ = 773.8 ± 0.6 MeV, rp+ = 147.3 ± 0.9 MeV . 



(7.2.2) 
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t (GeV") 



Figure 7.2.1. Plot of the fit to \FT,(t)f, timelike and spacelike 
data. The theoretical curve actually drawn is that obtained by fit- 
ting also T data, but the curve obtained fitting only e+e^ and ire 
data could not be distinguished from that drawn if we plotted it. 



errors 



For the parameters Bi, Ci we get, in case A, and without including systematic experimental 

26 



ci = 0.19 ± 0.04, C2 = -0.15 ±0.10, 
Bo = 1.070 ± 0.006, Bi = 0.28 ± 0.06 



(7.2.3a) 



^^The experimental numbers are from Barkov et al. (1985), Akhmetsin et al. (1999), Amendolia et 
al. (1986), Anderson et. al, 2000, Barate et al. (1997) and Ackerstaff et al. (1999). There appears to 
be an inconsistency between the old an new versions of Akhmetsin et al. (1999), related to whether the 
radiative corrections have been fully incorporated. The fit given in the present paper uses the old set of 
data; we have checked that replacing them by the new one leaves the values of the parameters Bi, a, 
Mp essentially unchanged. 
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t(GeV') t(GeV') 



Figure 7.2.2 Plot of the fits to vi{t) (histograms), and data 
from T decay (black dots). 

Left: Aleph data. Right: Opal data. The theoretical values (his- 
tograms) are results of the same calculation, with the same parame- 
ters, so the differences between the two merely reflect the variations 
between the two experiments. We do not include the result of the 
fit to the third existing set of data (Anderson et al., 2000), which is 
much like the ones depicted here. 



and, in case B, 

ci = 0.23 ± 0.01, C2 = -0.16 ± 0.03, 
Bo = 1.060 ± 0.005, = 0.24 ± 0.04. 

If we included systematic errors we would obtain the values already reported in Subsect. 6.3.1, 
Eqs. (6.3.5). 

Another question that has to be taken into account is the relative normalization of the various 
experiments. This is particularly important for the P wave rnr parameters, and for the slope 
(quadratic charge radius, (r*^)) and second derivative (ctt) of the electromagnetic pion form factor, 
with these last two defined by 

F^{t)^^^l + l{rl)t + cj\ (7.2.4) 

What happens is that, as is clear from Fig. 7.2.2, there is a small but systematic difference between 
Opal and Aleph data and, as shown in de Troconiz and Yndurain (2002), the spacelike data on FT^{t) 
do not agree well with the theoretical curve unless one takes into account systematic normalization 
effects. 

In view of this, we present two sets of values for each quantity. In the first, the various ex- 
periments are fitted including only statistical errors. In the second set we repeat the fit, including 
systematic normalization effects. 

It is in principle unclear which of the two sets of results is to be preferred; however, we 
will see later (Sect. 7.5.3) that analyticity, in the form of the Froissart-Gribov representation, 
favours evaluations with systematic normalization errors taken into account. The results of all 
three procedures are presented in the following tables: 



(7.2.3b) 
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TT^TT only 


Only stat. errors 


With normalization errors 






10^ X ai 


(42 ± 2) 


(39 ± 2) 






10^ X bi 


(4.5 ± 0.4) 


(4.5 ± 0.3) M-^ 






(rl) (fm^) 


0.433 ± 0.002 


0.426 ± 0.003 






(GeV-") 


3.58 ± 0.04 


3.49 ± 0.06 








Table Ia 








Only stat. errors 


With normalization errors 


10^ X ai 


(40.6 ± 1.4) M-^ 


(38.6 ± 1.2) M-^ 


10^ X bi 


(4.18 ±0.43) M--' 


(4.47 ±0.29) M-^ 


(rl) (W) 


0.438 ± 0.003 


0.435 ± 0.003 


(GeV-*) 


3.64 ± 0.05 


3.56 ± 0.04 



Table Ib 



The lack of dependence of ai on the procedure used to obtain it is a bit fictitious as the fits 
were obtained including the constraint ai — (38 ± 3) x 10^"^ M^'"^. If we had not included it, the 
fits would have yielded values as high as (43 ± 3) x 10~^ whose central value is difficult to 

reconcile with rnr scattering data. 

The parameters given above are the ones that, in particular, produce the excellent prediction 
of P wave phase shifts shown in Fig. 6.3.2, as well as the precise values of some of the chiral 
parameters li that we will give in Sect. 9.4. 

7.2.2. The scalar form factor and radius of the pion 

An important quantity in chiral perturbation theory calculations is the quadratic scalar radius of 
the pion. To define it, we start with the pion scalar form factor, Fs, given by 

{n{pi)\m^u{0)u{0)+mdd{0)d{0)\n{p2))=Fs{t), t={p^-p2f. (7.2.5) 

As t goes to zero we write 

Fs{t) ^^^Fs[Q)[l + \t{Tl^^}. (7.2.6) 

One can obtain (r|) in two ways. Theoretically, we may relate it to meson masses and decay 
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constants, using chiral perturbation theory: 



-2(„^-M|,(lO + i^)). 



(7.2.7a) 



The details may be found in Gasser and Leutwyler (1985b) who using this obtain 

(ri^) =0.55 ±0.15 W (GL), 



(7.2.7b) 



and the error measures the dependence of the result on the estimated higher order effects. 

Alternatively, Donoghue, Gasser and Leutwyler (1990) calculate (rg ^) from experiment, using 
a dispersive method based on the Omnes-Muskhelishvili procedure, to give what is presented as 
an accurate number: 



This calculation, however, neglects inelastic (in particular, in) states and gives an overoptimistic 
treatment of quasielastic KK contributions, which are much worse known that what these authors 
think. The high energy contributions they take are also suspect: the central value may be biased, 
and the error in (7.2.7b) is certainly underestimated. 

We will here give a brief account of a calculation with the Omnes-Muskhelishvili method; since 
its application it is very similar to that for the electromagnetic form factor, we may skip details. 
First of all, we remark that unitarity implies that, for 4M^ < t < sq, the phase of Fs{t) equals 
the phase of the SO wave in tttt scattering, 5o°^(t). Here sq is the energy squared where inelastic 
contributions begin to be nonnegligible; in our case, this happens at KK threshold, so sq = Am\. 
We will assume a behaviour of the scalar form factor similar to that of the electromagnetic one, as 
follows from the counting rules, Eq. (2.2.20). Prom it, it follows that, if we denote by 5{t) to the 
phase of Fs{t), one must have 



(r|^) = 0.61 ± 0.04 fm^ (DGL). 



(7.2.7b) 




(7.2.8) 



Given this condition, 5 determines uniquely F5: one has 




(7.2.9) 



Prom this we get a simple sum rule for the square radius (r|) corresponding to Fs{t): 




(7.2.10) 



We will split (rg ^) as follows: 



Ts,7r> = Qj{so) + Q*(so) + Qg{so)- 



(7.2.11) 
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Here Qj is the piece in (7.2.10) coming from the region where we know 5, 

Qj{so) = - r ds 6{s) = 5^°)(s). (7.2.12a) 

Q$ is obtained defining, as in (7.1.10), an effective phase that interpolates linearly (in t~^) between 
the values of 6{t) at sq and oo: we write 



and then set 



Sesit) = TT + [s^^Hso) - ^] J, (7.2.13b) 

Q^iso)^- r ds^-^. (7.2.13c) 
Finally, Qg corrects for the difference between 6 and 6ef!' 

Qj, are known; has to be fitted or estimated. The decomposition (7.2.11) is equivalent to 
decomposing Fg as a product, as we did for F^: 

Fsit) =Fs{0)Jsmsit)Gs{th 




Js{t) = exp{- ds 



s{s -t) j (7.2.14a) 



[1^5'^">{to)/n]to/t ^ ^ ^ -1 



1 

U) J \ to 

(we have integrated explicitly 5es), and Gs{t) is defined by 

I ^ J so - *) J 

What we know about G{t) is that G(0) = 1, and that it is analytic except for a cut sq < t < oo. 
Unlike for the case of the electromagnetic form factor, however, now we do not have experimental 
information on Fs to which we could fit Gs, so one has to rely on models or approximations for it. 

Qj is easily evaluated with the parametrizations of Sect. 6.5; likewise, one can get Q,p using 
the value 6^°\4m%) = 3.14 ± 0.52, which comprises all experimental determinations. We find, 

Qj = 0.465 ± 0.05 fm^ = 0.237 ± 0.02 fm^; Qj + Q^ = 0.70 ± 0.06 fm^ (7.2.15) 

This equation should be interpreted a lower bound on (rs,7r); it assumes that the phase of 
Fs{s) does not increase for s beyond KK threshold, while from (7.2.8) we expect 6{s) to increase 
somewhat before decreasing to its asymptotic value, S{oo) — tt. We have therefore found the result, 

(rg ^) > 0.70 ± 0.06 fm^ (7.2.16) 



To get a value for (rg ^) we need an estimate for Gs or, alternatively, for the phase 6{t) between 
KK threshold and the asymptotic region, say s ~ 2 GeV'^. We will not present here the details, 
that the reader may find in Yndurain (2003). One gets, 

{rl ^) = 0.75 ± 0.07 fm^ (7.2.17) 
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7.2.3. The mixed Kn scalar form factor 



The mixed Ktt scalar form factor and quadratic radius are defined by 

<7r(p)|K - mg)qs{0)\K{p')) = {2n)-^fKAt), q = u, d; 

To lowest order in chiralperturbation theory (Chapter 9), 

fKO.+ {Q)=Ml-Ml, /K+.o(0) = y2(M2,-Af2). (7.2.18b) 

The mixed quadratic scalar radius (^g can be evaluated in terms of its phase, 5{t), which, 
when we can neglect inelasticity, equals the phase shift for the S wave Ki: scattering with isospin 

cf. (7.2.10). Experimentally, 

(r|^^) = 0.31 ± 0.06 fm^. (7.2.20) 
We will write, as for the pion radius, 

{rlK.)^Qj + Q0 + QG- (7.2.21) 

For the low energy piece we consider two possibilities. First, we assume the phase S{t) to be 
given, for < 15 Qgv, by the resonance i^*(1430), whose properties we take from the Particle 
Data Tables. Its mass is M* = 1412 ± 6 MeV, and its width A = 294 ± 23 MeV; we neglect its 
small inelasticity (~ 7%). We write a Breit-Wigner formula for the phase: 



cot4'/')(i) = —(1 - s/M^)So, q = 



2q ^ "1-*'-^^ 2sV2 

and Bo = '^q{M^)/r* = 4.15 ± 0.35. We take sj/^ = 1.5 GeV, and then we have 

Qj = 0.050 ±0.025, Q$ = 0.087 ±0.001; + g$ = 0.137 ± 0.03. (7.2.22a) 

This means that Qg is large; in fact, on comparing with the experimental value, Eq. (7.2.20), we 
find 

= 0.175 ± 0.03. (7.2.22b) 

The sum of Qj and Q<p substantially underestimates the value of the mixed scalar square 
radius: the true phase 5{t) of the form factor would have to go on growing a lot before setting to 
the asymptotic regime (7.2.8). The size of the phase necessary to produce the large Qq required 
appears excessive. 

An alternate possibility is the existence of a lower energy resonance (or enhancement; we 
denote it by k), beJow the ii'*(1430), which some analyses suggest, with ~ 1 GeV MeV and 



^^Prom a theoretic analysis, Oiler, Oset and Pelaez (1999) give — 1.01 GeV; the experimental analysis of 
Aitala et al. (2002) gives M„ = 0.80 GeV, r« = 400 ±100 MeV. Note that (7.2.23) should be interpreted 
as an eiFective parametrization; the experimental phase does not cross 90° at t = M^. 
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= 400 ± 100 MeV. In this case, we approximate the low energy phase, s < sq = 1 GeV^, by 
writing 




and find 



gj = 0.07 ±0.03, Q$ = 0.18 ±0.006; 



Qj + Q4, = 0.25 ± 0.04, 



(7.2.24a) 



which reproduces well the experimental number with a small Qa, compatible with zero: 



Qg ~ 0.06 ± 0.07. 



(7.2.24c) 



It would thus seem that the experimental data on (rg j^^) supports the existence of this k enhance- 
ment. 

7.3. Dispersion relations and Roy equations 

A possible way to improve the quality of the analysis of experimental data is to use what are known 
as dispersion relations, either at fixed t or in the form of the so-called Roy equations. We start 
with the first. 

7.3.1. Fixed t dispersion relations 

The analyticity properties of F{s,t), as discussed in Sect. 2.1, imply that we can write a Cauchy 
representation for it, fixing t and allowing s to be complex. Starting with s — > s + ie, s positive 
and e > 0, e — » 0, we have 



Here As{s' , t) = {l/2i){F{s' + ie, t) — F{s' — ie, t)} is the so-called absorptive part of the scattering 
amplitude across the right hand cut, which actually equals lmF{s' ,t). is the corresponding 
quantity connected with the left hand cut. Taking e = above we find a relation between the 
dispersive part of F, D{s,t), which coincides with its real part, and the Ag^u- For s physical this 
reads 



(P.P. denotes Cauchy's principal part of the integral). This is the fixed t dispersion relation. 

Actually, and because, in many cases, the A{s,t) grow with s, (7.3.1) is divergent. This is 
repaired by subtractions; that is to say, writing the Cauchy representation not for F itself, but 
for F{s,t)/{s — si) where si is a convenient subtraction point, usually taken to coincide with a 
threshold. This introduces a constant in the equations (the value of F{s,t) at s = Si). Rewriting 
our equations with the appropriate subtraction incorporated is a technical problem, that we leave 
for the reader to take into account; for the important case of forward dispersion relations we will 
perform explicitly the subtractions in next subsection. 





(7.3.1) 
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Let us rewrite the dispersion relation in a form such that we separate out the high energy 
contribution. We have 

D{s, t) = - P.P. ds' + i ds' + v{s, t; so) (7.3.2a) 

7^ Jin'^ S - S TT 74^2 S' -U 

V{s,t;so)^- rds'^^+ Hds'^^; (7.3.2b) 
7rJ,„ s'-s J,^ s'-u 

we are assuming s < ,so • Both D and the A may be written in terms of the same set of phase shifts 
by expanding them in partial waves: •^^ 

2ci/2 °° 

A(s,t) = — — y(2i + l)P;(cos6')sin^5i(s), (7.3.3a) 

1=0 

2,1/2 °° 

D{s,t) = — — y(2/ + l)P;(cos0)cos5((s)sin5;(s). (7.3.3b) 

1=0 

These equations provide constraints for the phase shifts provided one knows (or has a reliable 
model) for the high energy term, V{s, t; sq). They enforce analyticity and s ^ u crossing symmetry, 
but not s -i-^ t 01 t -i-^ u crossing. This is very difficult to implement completely, as it would 
require analytical continuation, but a partial verification is possible through the Proissaxt-Gribov 
representation that we will discuss in Sect. 7.5. 

7.3.2. Forward dispersion relations 

By far the more important case of dispersion relations is that in which we take t = {forward 
dispersion relations), which we discuss now in some detail. 

Let us denote by Fo{s, t) to a scattering amplitude which is odd under the exchange of s ^ u, 
and by Fe(S)i) to an even one. An example of the first is the amplitude corresponding to isospin 
If = 1 in the t channel, 

^(/t=i) = i^(/3=o) ^ ipiis=i) _ 5p(h=2)_ (7.3.4) 

Examples of even amplitudes are those for 7r°7r° — > 7r°7r°, tt^tt"'" — > tt^tt'^: 

Fo+=F{n\+ ^ n\+) = ^F^'^='^ + ^F^''=^\ 
Foo =F(7rV" ^ TT^O) = 1f(^==0) + |f(^»=2). 
In terms of isospin in the t channel we have 

Fo+ = iF(^*=o)-iF(^'=2), Foo = ii^^''=°^ + iJ^^'*='^. (7.3.5b) 

Because there are three isospin states for pions, the three amplitudes p(^«=^), F^o^+ and F^Oj^o 
form a complete set. 



(7.3.5a) 



^We are actually simplifying a little; (7.3.3) should take into account the isospin structure of s and u 
channels, which the reader may find in e.g. the text of Martin, Morgan and Shaw (1976), or one can 
consider that we are studying tt^tt"*" or 7r°7r° scattering, for which s and u channels are identical. Also, 
we are assuming that there is no appreciable inelasticity below sq. 



-77- 



-CHAPTER 7- 



For odd amplitudes we may profit from the antisymmetry to write a Cauchy representation 
for Fo{s, 0) and obtain 

^ Jifi^ (s'-s)(s' + s-4/x2) 

The integral is convergent. As discussed in Sect. 2.4, Regge theory implies, for Fo{s,t) = 
F(''^'=^^(s, i), the behaviour 

Fo{s,t) ~ Cs^p^^^+^p*, a.(0)~0.52, a'~lGeV-^ 

For even amplitudes we have to subtract, i.e., consider combinations [Fe{s, t) — Fp{s, t)]/{s — s), 
where s is a convenient energy squared, usually taken in the range < s < . Two popular choices 
are the s u symmetric point, s — 2fj?, and threshold, s — Ajj?. We then get the equations, 
respectively, 

ReFe(s,0) =Fe(2/x2,0) 

^ {s-2^Pf p_p_ ImFe(s', 0) (7.3.7a) 

TT 

and 

ReFe(s,0) =Fe(4/i2,0) 



4^. (s'-2/x2)(s'-s)(s' + s-4/x2) 



I g(^-V) pp /■°°^^, (2s'-4M2)ImFe(s',0) (7.3.7b) 



TT 



4m 



S'(s' - 4^2)(g/ _ _^ _ 4^2) • 

These integrals are convergent; the behavioiir expected from Regge theory is now 

Fe(s,f) ~ a^~0.11GeV"^ 

s— *oo 

Actually, the convergence of (7.3.7) may be proved to follow in a general local field theory. 

For a variety of other types of forward dispersion relations, see the article of Morgan and 
Pisut (1970) or the text of Martin, Morgan and Shaw (1976). 

7.3.3. The Roy equations 



Eqs. (7.3.2), (7.3.3) look rather cumbersome. Roy (1971) remarked that they appear simpler if we 
project (7.3.2) into partial waves: one finds the Roy equations 

oo /-So 

COS 6iis) sin Si{s)^^ ds' Ku,{s,s')sm^ 6i>is) + Vi{s;so). (7.3.8) 

Here the kernels Kui are known and the Vi are the (still unknown) projections of V. 

Eq. (7.3.8) is valid in the simplified case we are considering here, i.e., without subtractions. 
If we had subtractions, the fixed t dispersion relations would acquire an extra term, a function 
g{t). This may be eliminated, using crossing symmetry, in favour of the S wave scattering lengths. 
Eq. (7.3.8) would be modified accordingly. 

It should be clear that there is no physics ingredient entering the Roy equations that is not 
present in the fixed t dispersion relation, plus partial wave expansions; (7.3.8) is strictly equivalent 
to the pair (7.3.2b) and (7.3.3). (In fact, there is some loss of information when using the Roy 
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equations: in (7.3.2b) we can also require agreement between the integral and the real part, at high 
energies, using also Regge theory to evaluate the last). 

Roy equations became fashionable in the early seventies, but were soon abandoned; not only 
high energy physicists found other, more interesting, fish to fry, but it soon became obvious that 
they produced no better results than dispersion relations and a straightforward phase shift analysis 
in which one parametrizes the Si in a way compatible with analyticity. There are several reasons 
why this is so. First of all (7.3.8) (say) are highly nonlinear integral and matrix equations, and 
it is not clear that a solution to them exists for a general set of Vi. Solutions are known to exist 
in some favorable cases; but this constitutes the second problem: there are too many of them.^^ 
In fact, Atkinson (1968) proved a long time ago that, for any arbitrary V{s,t;so) such that it is 
suiBciently smooth and decreasing at infinity, one can obtain by iteration a solution not only of the 
Roy equations, but of the full Mandelstam representation and compatible with inelastic unitarity 
for all s as well. Therefore, the solutions to the equations (7.3.8) are ambiguous in an unknown 
function; only the fact that the phase shifts fit experiment really constrains the solution. Indeed, 
it was found in the middle seventies that solutions of the Roy equations with suspiciously small 
errors simply reflected the prejudice as to what is a reasonable V{s,t;sQ) and about which sets 
of experimental phase shifts one ought to fit. Recently, the Roy equations have been resuscitated 
thanks to the appearance of new experimental data that allow more meaningful constraints. 

Prom a practical point of view, the Roy equations present two further drawbacks (with respect 
to the method of parametrizations based on the eflFective range formalism, plus straight dispersion 
relations). First, they mix various waves and, hence, transmit uncertainties of (say) the S-waves to 
other ones, and they require information on the medium and high energy regions (s ^ 1 GeV'^) 
where the mixing of tttt with channels such as KK is essential. Second, in the integrals in the r.h. 
side in (7.3.8) we have to project over partial waves, hence integrate with Legendre polynomials 
which, for I larger than 1, oscillate and thus create unstabilities, which are difHcult to control, for 
the D and higher waves. 

Note, however, that this shoiild not be taken as criticism of the use of Roy's equations, that 
provide a useful tool to analyze rnr scattering. In the present review, however, we prefer to con- 
centrate on other methods: we leave the implementation of the Roy equations (and of fixed t 
dispersion relations, except in a few simple cases) outside the scope of these notes. The interested 
reader may consult the classic papers of Basdevant, Froggatt and Petersen (1972, 1974), Penning- 
ton (1975) or, more recently, the very comprehensive articles of Colangelo, Gasser and Leutwyler 
(2001), Ananthanarayan et al. (2001) and Descotes et al. (2002). 

7.4. Evaluation of the forward dispersion relation for tttt scattering 

As examples of application of forward dispersion relations we will evaluate here (7.3.7a) for the 
scattering tt^tt'^ — » Tr^Tr"*" and 7r°7r° — *■ 7r°7r°, subtracted at s = 4M^, and the Olsson sum rule. 



'As a simple example, consider the toy model in Chapter 4. One can add to the interaction with the rho a 
new term: either an interaction with a scalar field, QaTTTra, or a quartic interaction, Ai(7f7f)^ -|- A2(7f x tt)^. 

Both are renormalizable field theoretical models, therefore they will satisfy unitarity, Roy's equations, 
crossing sum rules and the whole kit-and-caboodle as accurately as one may wish by going to high enough 
orders in the coupling. Moreover, they fit reasonably well the P wave and, by tuning the parameters gp 
and Qtr , Aj one can get any desired values for Oq"' , Cq^' ; yet the two models give very different scattering 
amplitudes: one does, and the other does not have a scalar resonance. The statement, found at times in 
the literature, that the Roy equations plus the S wave scattering lengths fix the low energy scattering 
amplitude is plain nonsense. Fit to experiment is essential! 
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connected with the F^^* amphtude. 
7.4.1. The Olsson sum rule 

We will first consider the forward dispersion relation for the odd amplitude under s <-> u, F^^*^^\ 
given in (7.3.6). At s = AM^, we have F(^*=^) = (8M^/7r)(i4°^ - |a^^^) and we find the so-called 
Olsson (1967) sum rule, 

- 54^) = Dou Do, = 3M. H d. '"^f'^'^^lf - (7-4.1) 

i4M2 S{S- 4M2) 

If we take 2^°^ - 5^^' from (6.4.11) and (6.4.1c) we get 

24°^ - 54^^ = (0.691 ± 0.042) X (7.4.2) 

On the other hand, evaluating the dispersive integral also with the parametrizations (6.4.11) and 

(6.4.1) , the remaining waves as given in Sect. 6, and the high energy contribution (s^^^ > 1.42 GeV) 

with the Regge formulas of Subsect. 7.3.4, we find Dqi. = (0.659 ± 0.020) x M^^. Although the 

results are compatible within errors, the central values are certainly displaced. One may argue 

(2) 

that this displacement is due to a bias of Uq , the only important quantity that was obtained 
fitting data with one pion off mass shell. If we accordingly repeat the fit to the S2 wave, including 
fulfillment of the Olsson sum rule into tlio fit, we find the parameters for this wave reported in 

(6.4.2) . With them we have (7.4.2) replaced by 

2^°^ - 5^^^ = (0.671 ± 0.023) M'K (7.4.3a) 
For the dispersive integral we then find (we now present the results in detail) 



PY, dispersive 

0.431 ± 0.016 [PY: S, P, si/2 < 0.82 GeV] 

0.148 ± 0.004 [Rest, s^/^ < 1.42 GeV (inch, D, F below 0.82 GeV)] 

0.073 ± 0.010 [Regge, p s^^ > ^ 42 QeV] (7 4 3b) 

0.010 ± 0.003 [Regge, Bk; s^/^ > 1.42 GeV] 

0.664 ± 0.018 [Total, disp.] 



We call "Rest" to the contributions of the D, F waves below 1.42 GeV, plus the S, P waves between 
0.82 and 1.42 GeV. Of this "Rest", the largest contribution comes from the DO and P waves. The 
piece labeled "Regge, Bk" is a background to the rho Regge pole; see Pelaez and Yndurain (2003). 

For future reference, we give the results we would have obtained using, for the S, P waves 
at energies below 0.82 GeV, the phase shifts of Colangelo, Gasser and Leutwyler (2001), that we 
denote by CGL, or those of Descotes et al. (2002). For the first, we have 

2^°' - 5^^' = (0.663 ± 0.007) x M"^ [CGL], (7.4.4a) 

Do\. = (0.632 ± 0.014) x M'K (7.4.4b) 
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We will later discuss the reasons for this mismatch. For the ones of Descotes et al. (2002), 

24°^ - 5a^o^ = (0.646 ± 0.031) x M^^ [Descotes et al.], (7.4.5a) 

Doi. = (0.666 ± 0.010) X M'^ (7.4.5b) 

and the error in the second only takes into account the error in the Regge contribution. The phase 
shifts of Descotes et al. are perfectly compatible with the Olsson sum rule and standard Reggeistics. 

7.4.2. 7T°7r° 



Next, we consider the forward dispersion relation for 7r°7r° scattering, subtracted at the symmetric 
point 2M^. We have, with Foo(s) the forward 7r°7r° amplitude, 

Foo(4M,2) = Foo(2M^) + Z?oo, ^00 = ^ T ds lZ^f'\j^2y (7-4.6) 

In a first approximation we neglect the dispersive integral, and then get the approximate sum rule 

^ (a^ + 2a(^)) = Foo(4M^) F{2MI) c f/^ (2M|). 

The n^TT^ amplitude contains, in the S wave, an / = 2 component. This we will fix as given by 
(6.4.2). Likewise, we fix the D waves as given by the parametrizations of Sect. 6.4. Finally, for the S 
wave with / = 0, we take the parameters of (6.4.11). Then Foo(4^2) = q Q93 Foo(2/x2) = 0.072, 

reasonably close. 

A more precise test requires that we evaluate Dqq. At high energy, i.e., for s^/'^ > 1420 MeV, 
we use the Regge expression for Im Fqq . The amplitude for exchange of isospin 2 is evaluated as in 
Pelaez and Yndurain (2003). The bulk of the contribution to Dqo is that of the S wave with / = 0: 



Dqo Contribution 

37.84 X 10-3 SO 

3.12 X 10-^ S2 

0.65 X 10-3 DO 

0.06 X 10-3 D2 (7.4.7a) 

0.046 X 10-3 [Regge, Pomeron s^/^ > ^ 42 GeV] 

0.006 X 10-3 [Regge, P'; s^/^ > 1.42 GeV] 

0.005 X 10-3 [Regge, 1 = 2; s^/^ > 1.42 GeV] 

41.73 X 10-3 [Total] 



This is to be compared with 

Foo(4M2, 0) - Foo(2M2,0) = [(123.6 ± 8.5) - (79.1 ± 7.7)] x 10-3 

= (44.5 ± 11.4) X 10" 

we find full overlap. 



3 _ (7.4.7b) 
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7.4.3. 7r°7r+ 



We write Fq^{s) = F^o^+(s, 0) and so we have 



Fo+(4M^) = 1^4'^ = Fo+(2M2) + Do+, (7.4.8a) 

TT 

where the dispersive integral is 

Before making a detailed evaluation we will make a quantitative one. Because the scattering lengths 
both for S2 and P waves axe very small, and the imaginary parts of the amplitudes are (at low 
energy) proportional to the scattering lengths squared, we can, in a first approximation, neglect 
D altogether. Moreover, for Fo+(2M^), the S2 wave is very near its zero. If we therefore neglect it 
we have the approximate sum rule 

^3A(2M,2). (7.4.9) 

TT 

Using the parametrization for the P wave (Subsect. 6.3.1) which, it will be remembered, converges 
down to the left hand cut, s = 0, we find 3/i(2Af^) = —0.0742 and thus the scattering length 
a^^ = —0.058 M~^, a very reasonable number, agreeing with what we deduced from tttt scattering 
data and, to a 20%, with what is expected in chiral perturbation theory. 

We next proceed to a more accurate evaluation, for which we use the same input as in the 
previous subsection. The calculation is now more precise because £>o+ is dominated by the P wave, 
very well known. We find, for the dispersive evaluation. 





Contribution 


2.339 X 10-^ 


S2 


7.928 X IQ-^ 


P 


0.044 X 10-3 


D2 


0.007 X 10-3 


F 


0.046 X 10-3 


[Regge, Pomeron s^/^ > 1.42 GeV] 


0.006 X 10-3 


[Regge, P'; 5^2 > 1.42 GeV] 


-0.002 X 10-3 


[Regge, 1 = 2; s^/^ > 1.42 GeV] 


10.32 X 10-3 


[Total] 



On the other hand, using directly the explicit parametrizations for the partial wave amplitudes in 
Sect. 2, which are valid at and below threshold (provided s > 0) one has 

Fo+(4M2, 0) - Fo+(2M2, 0) = [(-53.7 ± 2.8) + (67.9 ± 2.6)] x 10-3 ^ 

= (14.2 ±4.0) X 10-3. 

This is within less than la from (7.4.10a). 

The fulfillment of the dispersion relations with the values of the parameters we found in this 
and the previous Subsections is then, for tt^tt"*", tt^tt", and the Olsson sum rule very satisfactory; 
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but perhaps the more impressive feature of the calculations is how little imposing the fulfillment of 
the dispersion relation affects the values of the parameters.^'' Those obtained from the fits to data, 
respecting the appropriate unitarity and analyticity requirements, wave by wave, are essentially 
compatible with the dispersion relations. 

7.5. The Froissart— Gribov representation and low energy 
P, D, F wave parameters 



7.5.1. Generalities 



A reliable method to obtain the P and, especially, D and higher scattering lengths and effective 
range parameters, which incorporates simultaneously s, u and t crossing symmetry, is the Proissart 
(1961)-Gribov (1962) representation, to which we now turn. This method of analysis was developed 
long ago by Palou and Yndurain (1974) where, in particular, a rigorous proof of the validity 
of the equations (7.5.3,4) below may be found and, especially, by Palou, Sanchez-Gomez and 
Yndurain (1975), where a complete calculation of higher waves and effective range parameters was 
given. Also in the last reference the method is extended to evaluate the scattering lengths for the 
processes KK tttt. The interest of the representation is that it ties together s. u and t channel 
quantities, without need of singular extrapolations. 

Consider a tttt scattering amplitude, F{s,t), symmetric or antisymmetric under the exchange 
s ■f-y u, such as tt'^tt" or tt'^tv^ (symmetric), or the amplitude with isospin 1 in the t channel 
(antisymmetric). We may project F{s,t) into the Ith partial wave in the t— channel, which is 
justified for t < 4/x^. We have, 

.+1 

fiit) = ^ J ^ dcosetPi{cos0t)Fis,t). (7.5.1a) 

Here cos^t = l + 2s/(t — 4jU^) is the t channel scattering angle. We then write a dispersion relation, 
in the variable s: 

F{s, t)^- ds' + u channel. (7.5.1b) 

Jaij? s' - S 

We have not written subtractions that, for I = 1 and higher do not alter anything, and we also 
have not written explicitly the u-channel contribution; it simply multiplies by 2 the s channel piece, 
because, for t = 4^'^, u and s channel contributions to the final result are identical. 

After substituting (7.5.1b) into (7.5.1a), the integral on dcos^t can be made with the help of 
the formula 



^ J-i x-y 



with Qi the Legendre function of the second kind. This produces the Proissart-Gribov representa- 
tion. 



= / Im F(s,t)Q; ( + 1 ) -Fu channel, 



^'^Note, however, that the fulfillment of the dispersion relations is slightly less good than what (7.4.7), 
(7.4.10) seem to imply. If correlations are taken into account, the sum rules are stisfied only at the level 
of 0.9 fj and 1.2 a respectively. 
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Taking now the limit t — > 4/x in both sides of (6.3.4) and using that 
we find, in general, 

flit) r{l + l) Im F{s,t) 



IraF{s,t) 



fcf v^r(/ + 3/2) 74^2 

We then use the formula, that can be easily verified for Z > 1 from the effective range expression, 



flit) ^ 4m 



to find the integral representation for ai, hi, 



^{ai + e,bi]^ (7-5-3) 



^ V^m + l) [ 4ImF,',,,(.,4M^) a + l)ImF(5,4/z^) 



(7.5.4) 



Here -FcossC*- ^M^) = ((?/(? cos (?)F(s, f)|j^4^2, and an extra factor of 2 should be added to the l.h. 
side for identical particles (as occurs if the ai, bi refer to a state with well defined isospin). The 
method holds, as it is, for waves with I = 1 and higher. For the S wave, the corresponding integrals 
are divergent; one thus needs subtractions and the method becomes much less useful. We remark 
that the formulas (7.5.4) are valid, when I — even, only for amplitudes F symmetric under s ^ u 
crossing, and, for I = odd, for amplitudes F which are antisymmetric. 

For actual calculations we will, as before, replace /x by the charged pion mass, M^-. 

7.5.2. D waves 



For the D wave scattering lengths, the ones that we will calculate now. 



a2 = 



15M^ 



ds 



ImF(s,4M2) 



4M2 



For these D waves, we will consider the combinations 



^00 



1„(0) 1„(2) 



(7.5.5) 



(7.5.6) 



They correspond, respectively, to the processes 7r°7r° — > tt^tt" and 7r°7r° — > tt+tt". The factor of 2 
is due to the identity of the particles; it is introduced so that the projected amplitudes are Fq+i 
Foo as given in (7.3.5) so, for example. 



15M^ 



ds 



ImFo+(s,4M2) 



4M2 



We will here illustrate the method with a detailed evaluation of ao+ and aoo; we start with the 
first. The contribution of the high energy (s^/^ > 1.42 GeV) is obtained integrating (7.5.4) in that 
region with the Regge formulas of Sect. 2.4. For the low energy pieces we use, for the D, F waves 
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and for the S, P waves above s^l"^ = 0.82 GeV, the fits given in Chapter 6. For the S, P waves 
below 0.82 GeV, we use either the phase shifts of Colangelo, Gasser and Leutwyler (2001), that 
we denote by CGL, or ours here, that we denote by PY (since they correspond to the calculation 
made in Pelaez and Yndurain, 2003). We find, in units of 10~* 



CGL, Proissart — Gribov PY, Proissart — Gribov 

8.43 ± 0.09 [CGL: S, P, < 0.82 GeV] 8.09 ± 0.15 [PY S, P, ] 
1.84 ± 0.05 [Rest, < 1.42 QeV] 
0.68 ± 0.07 [Regge, J* = 0] 
-0.06 ± 0.02 [Regge, /< = 2] 



(7.5.7) 



10.90 ±0.13 [CGL, F.-G.l 



10.51 ±0.15 [PY, F.-G.] 



The value found with this method with the CGL phase shifts disagrees by several standard de- 
viations with the value given in the paper of these authors (Colangelo, Gasser and Leutwyler, 2001), 



ao+ 



(10.53 ±0.10) X 10"^ (CGL). 



We will discuss this mismatch later on. 

This combination we have calculated is the one that may be evaluated with less ambiguity; 
the values of other low energy parameters depend substantially on the S wave scattering length. 
Thus, from the tt'^tt'' scattering amplitude we calculate the combination 



I JO) ^ 2j2) 



+ 1^2 



We find, again in units of 10 M, 



r-5 



CGL, Proissart — Gribov 
11.73 ± 0.32 [CGL S, P, s^/^ < 0.82 GeV] 
1.91 ± 0.04 [Rest, 5^2 < 1.42 GeV] 
0.68 ± 0.07 [Regge, It = 0] 
0.12 ±0.04 [Regge, 7t = 2] 

14.44 ± 0.33 



PY, F. - G. 
12.24 ± 0.62 [PY S, P] 



14.95 ±0.65 [Total]; 



(7.5.8) 



The value given for this quantity in Colangelo, Gasser and Leutwyler (2001) is 



^13.94 ±0.32) X lO"'^ M. 



-5 



The effective range parameters 
&00 =2 



3^2 ^ + 3^2 "* 



&0+ = 2 



3 "2 



15(2) 

3^2 



may also be calculated; we only give the final results, in units of 10 * ^ now: 

60+ : [CGL, direct]; [CGL, F.-G.]; [PY, F.-G.]; 
-0.189 ±0.016 -0.233 ±0.036 -0.170 ± 0.083; 



(7.5.9) 



600 : [CGL, direct]; [CGL, F.-G.]; [PY, F.-G.]. 
-6.72 ±0.22 -6.61 ±0.23 -6.85 ± 0.47 
Here the quantities labeled "CGL, direct" are obtained from the values given in Colangelo, Gasser 
and Leutwyler (2001) for scattering lengths and ranges. 
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7.5.3. P and F waves 

We use now (7.5.4), with ImF = lmF^^*^^\ For the P wave scattering length, the integral is 
slowly convergent; the integrand behaves like Im. F^^*~^^ / s"^ ~ s~^'^^, and we do not have the 
factor s — 4M^ in the denominator of the Olsson sum rule that favoured low energies. Because 
of this, the details of the energy region 1.42 < s^/-^ < 1.80 GeV are not negligible. We have 
represented ImF(^'^^)(s, 4Af^) there by a Regge formula, given by the rho trajectory. To this we 
could add the resonances p(1450), /o(1700) and /03(1690), whose contribution is easily evaluated in 
the narrow width approximation, 

2sV2 

Im/ ~ — —nMr2^S(s - M^), 

TTK 

with M, J27r the mass and two-pion width of the resonance. Their contribution is small. Alterna- 
tively, we may supplement the rho Regge piece with a smooth background; see for example Pelaez 
and Yndurain (2003); this is the method we will use. The contribution of this background is also 
small. 

We find the results, in units of 10~^ x M~^, 



CGL, Froissart - Gribov PY, F. - G. TY(St.-FSys.) 

18.5 ± 0.2 [CGL S, P, < o.82 GeV] 19.4 ± 0.3 
9.1 ± 0.3 [Rest, < 1.42 GeV] 

8.3 ±1.1 [Regge, p] (7.5.10) 
1.0 ± 0.3 [Regge, Bk] 

37.0 ±1.3 [Total] 38.1 ± 1.4 38.6 ± 1.2. 



The number labeled "TY (St.+Sys.)" refers to what we obtained in Subsect. 7.2.1 from the fit to 

the pion form factor. 

As we see, there is good agreement, within errors, among all determinations, and also with the 
value given by Colangelo, Gasser and Leutwyler (2001), 

ai = (37.9 ± 0.5) x 10"^ x M'^, (CGL). 

The value coming from the pion form factor, if we had not taken into account systematic errors, 
would have been 

ai = (40.6 ± 1.4) X 10"-^ x M^^; 

this is a bit too high, which is one of the reasons why we prefer the fit including systematic 
normalization errors. 

For the effective range parameter, we find, in units of 10~^ x now. 



CGL, Froissart - Gribov PY, F. - G. TY(St.+Sys.) 

-.92 ± 0.05 [CGL S, P, s^/^ < .82 GeV] -0.57 ± 0.10 
1.02 ± 0.04 [Rest, s^/^ < ^ 42 QeV] 

4.82 ±0.86 [Regge, p] (7 5 11) 

0.50 ±0.16 [Regge, Bk] 

5.50 ±0.82 [Total.] 5.15 ±0.90 4.47 ±0.29. 
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Here the Regge contribution is particularly important because the lower energy pieces cancel almost 
completely; we use, as we did in Eq. (7.5.10), the quadratic expression for the rho trajectory. The 
value following from the pion form factor, without taking into account systematic errors, would be 
(4.18 ±0.43) X 10-3 X M-^. 

The value obtained with the Froissart-Gribov representation and the phases of Colangelo, 
Gasser and Leutwyler (2001), or that given by these authors, hi = (5.67 ± 0.13) x 10^^ x M^^, is 
4(7 away from the value obtained from the fit to the pion form factor, labeled "TY (St. +Sys.)", 
or from the same without systematic errors, which gave bi = (4.18 ± 0.43) x 10^'^ ^'^tT^- 

We conclude the present Subsection with the F wave scattering length. Here the high energy 
part is negligible; we give only those contributions that are sizable. We have, if using the phase 
shifts given here, 

as = (6.00 ± 0.07) x 10"^ M^^ (PY). (7.5.12) 
This is displaced by about 2 a from the value given by Colangelo, Gasser and Leutwyler (2001): 

as = (5.60 ± 0.19) x 10"^ M'^ (CGL). 

7.5.4. G waves 

The scattering lengths and effective range parameters may be calculated for the G waves; we only 
give the values of the first: 

af^ = (8.0 ± 0.2) X 10-^ af ' = (4.5 ± 0.2) x 10"^ M'^. (7.5.13) 

7.6. Summary and conclusions 

In this Section we discuss two recent alternate sets of phase shifts due to the Bern group and to 
Descotes et al. (2002), and compare them between themselves and with what we have found. 

7.6.1. The S, P waves of Colangelo, Gcisser and Leutwyler 

In a recent paper, Ananthanarayan et al. (2001) have made a detailed calculation of rnr scattering 
using experimental information and the Roy equations (but not full information on the pion form 
factor). This calculation has been refined by Colangelo, Gasser and Leutwyler (2001) who use 
Roy equations and chiral perturbation theory, including (estimated) terms of order p^. In the last 
paper, that we will here denote by CGL, these authors pretend to obtain an extremely precise 
representation of low energy tttt parameters that, in some cases, reaches beyond the 1% level. 

Unfortunately, and as made clear in particular in the articles of Pelaez and Yndurain (2003) , 
Yndurain (2003b) (and as we will also see briefly here) the precision claimed by CGL is excessively 
optimistic. First of all, the high energy scattering amplitude that CGL (and also Ananthanarayan 
et al., 2001) use is excessively different from what standard Regge theory (or its QCD version) 
implies. 3^ Secondly, it is not clear that the accuracy of their chiral expansions is what one can 

^^In section B.4 of their paper, Ananthanarayan et al. (2001) explain that they take an asymptotic value 
for the total (Pomeron) cross section of 5 ± 3 mb. This is a factor three smaller than the value implied 
by factorization, as discussed in our Sect. 2.4 here. They also take a rho residue 50% higher than the 
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Figure 7.6.1. The / = O, 5-wave phase shifts corresponding to 
Eq. (6.4.11) (continuous line) and CGL, Eqs. (7.6.1) (broken line). 
Note that CGL only fit up to 0.8 GeV, but we have represented the 
upper tail because its lashing out is very suggestive; see text. 



reasonably expect. Because of these reasons and, perhaps, also due to optimism of CGL when 
evaluating their errors, mismatches occur in the CGL phase shifts that reach the 2 to 4 cr level. 
Some examples have already been seen; we come back to them below. 

CGL only present in their paper details for the S, P waves up to an energy of 0.82 GeV, in 



standard value and use incorrect formulas for the slopes of the Regge trajectories. The incompatibility 
of such Regge parameters with experimental data on tttt scattering makes all the results found by these 
authors very suspect. 
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the form of the following paxametrizations, whose form they have taken from Schenk (1991): 



X 



1-4M2 

7r 

S 

- SlI 



(7.6.1a) 



{Aj + Bie/Ml + Clk^/M^ + Dlk^M^} 



S - SlI 

k = \/ s/A — M^, and the values of the parameters, as given by CGL, Eq. (17.2), are 

A[! = 0.220, Bg = 0.268, eg = -0.0139, = -1.39/103, 

= -0.0444/10, = -0.0857, = -2.21/10^, D,^ = -1.29/10'*, (7.6.1b) 

Ai = 0.379/10, Bi = 0.140/10^ Ci = -6.73/10^ Di = 1.63/10^ 

and 

Soo = 36.77 M^, so2 = -21.62M2, si = 30.72M2. (7.6.1c) 

In Appendix B we will criticise this type of parametrization, which is very inefficient. 

The values of the low energy parameters will be given below. The errors to Eq. (7.6.1) may be 
found in an Appendix to the paper by Ananthanarayan et al. (2001). 

As stated before, this CGL solution is slightly different from that given in Pelaez and Yn- 
durain (2003), reproduced in the present notes: SO, S2 phase shifts are displaced with respect to 
the PY ones by about 1 a (Figs. 7.6.1, 6.4.1), and the errors are about a half of the errors we have 
found with our direct fits. 

An important fact to remark is that Ananthanarayan et al. (2001) as well as CGL impose 
the (experimental) values of the phase shifts at the highest energy at which they cut off the Roy 
equations, s^/^ = 0.8 GeV. The values they take for the S2, P waves are reasonable but, for the 
SO wave they require 

5^°\{0.8 GeV)2) = 82.3 ±3.4°. 

The error is a factor 2 or 3 times too small; cf. our discussion in Subsect. 6.4.2. The fit is thus a 
forced fit, something that appears very clearly in Fig. 7.6.1: the phase shoots up as soon as the 
energy is above 0.8 GeV, where these authors constrain it to go through the narrow corridor of a 
value of 82.3 ± 3.4° . 

7.6.2. The S wave scattering lengths of Descotes et al., and Kaminski et al. 



The Roy equations (and of course experimental data) have also been used in a recent paper by 
Descotes et al. (2002) to find the low energy nn scattering, especially the SO, S2 scattering lengths. 
The results these authors find are about two standard deviations different from those of Colangelo, 
Gasser and Leutwyler (2001), but more similar -both in central value and errors- to the ones given 
in the present notes: with M^- = 1, Descotes et al. give the values 

a^°^ = 0.228 ± 0.012, aff^ = -0.0382 ± 0.0038. 

The phase shifts of Descotes et al. (2002) are also compatible with the Olsson sum rule evaluated 
with standard Regge behaviour, as we showed in Subsect. 7.4.1. 

A similar calculation, using also Roy equations, has been given by Kaminski, Lesniak and 
Loiseau (2003). These authors find 

4°^ = 0.224 ± 0.013, a'^o^ = -0.0343 ± 0.0036 
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and the effective range parameters 

4"^ = 0.252 ± 0.011, b^o^ = -0.075 ± 0.015. 

These resuhs are compatible with those of Descotes et al. (2002), less so with our results here, and 
even less with the results of Colangelo, Gasser and Leutwyler (2001). We will discuss more about 
this calculation below. 

7.6.3. Comparison of different calculations. Low energy psirameters 
for TTTT scattering 

In this Subsection we summarize and discuss the results obtained in the two last chapters. In 
them, we have found simple, explicit formulas that satisfy the general requirements of analyticity 
and unitarity and which fit well the experimental data; then we have verified that our sohitions 
are compatible with a few crossing and analyticity constraints: forward dispersion relations at 
threshold and the Proissart-Gribov representation. 

It should be clear that we have not made an exhaustive analysis: nor was it intended. Thus, we 
have not tried to improve our parameters by fully imposing consistency requirements. For example, 
it is easily verified that a change in the parameters of the P and SO waves to decrease (in the case of 
the first) the scattering length by of about 1/2 o" would improve agreement of the Proissart-Gribov 
and direct determinations of ai. However, for the improvements to be more than cosmetic, we 
should also consider dispersion relations in a wider range of s and t values or, equivalently, the 
Roy equations. This is the path followed by Ananthanarayan et al. (2001), Colangelo, Gasser and 
Leutwyler (2001), and Descotes et al. (2002), where the interested reader may find details. The 
results found in the first of these papers (which does not impose chiral perturbation theory) are 
compatible with ours, at the 1 to 1.5 cr level. Also the errors are similar, with theirs generally 
smaller. The price they pay, however, is that all their numbers are correlated, whereas ours are 
not: in this sense, our results are more robust. The method of the Roy equations and ours here are 
complement ary. 





DFGS 


ACGL 


CGL 


PY 


(0) 

% 


0.228 ±0.012 


0.240 ± 0.060 


0.220 ±0.005 


0.230 ±0.010 


"0 


-0.0382 ± 0.0038 


-0.036 ± 0.013 


-0.0444 ± 0.0010 


-0.0422 ± 0.0022 


"0 




0.276 ± 0.006 


0.280 ±0.001 


0.268 ±0.010 


.(2) 




-0.076 ± 0.002 


-0.080 ± 0.001 


-0.071 ± 0.004 



Table II 



We will start the comparison with the S wave scattering lengths and effective rage parameters 
(Table II). Here we compare the results of Descotes et al. (2002), denoted by DPGS, Anantha- 
narayan et al. (2001) , denoted by ACGL, Colangelo, Gasser and Leutwyler (2001), denoted by 
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CGL, and the results in the present notes, denoted by PY. We use units with = 1- As already 
remarked, the results of Descotes et al. (2002) for the S waves are in disagreement, at the level of 
la per wave, with those of CGL, but agree well with the results presented in the present work 
(PY). The effective range parameters, bf^^ are also compared between ACGL, CGL and PY. 

We next turn to higher waves. Here we have, in the case of the analysis of CGL, two results: 
those given in the paper of Colangelo, Gasser and Leutwyler (2001), or those obtained using the 
Froissart-Gribov representation with the low energy S, P waves of CGL. Both types of results are 
shown in Table IIL 





Nagel 


PSGY 


CGL 


PY 


ai 


38 ±2 


38.5 ± 0.6 


37.0 ±0.13 [37.9 ± 0.5] 


38.1 ± 1.4 
1 38.6 ± l.z| X 10 


bi 




3.2 ±0.3 


5.50 ±0.82 
[O.O ( ± U.ioJ 


5.15 ±0.90 
|4.47 ± 0.27| X 10 


(0) 


17 = 


18.5 = O.G 


17.5 = ().:? 


1<S.() = 0.2 X K)-" 


(2) 


1.3 ±3 


1.9 ±0.6 


1.70 ±0.13 


2.2 ±0.2 xlO"* 


ao+ 


10.5 ±3 


11.07 ±0.52 


10.90 ±0.13 
[10.53 ±0.10]" 


10.51 ±0.15 X lO""* 


aoo 


13.1 ±5 


14.9 ±0.8 


14.44 ± 0.33 
[13.94 ±0.32]'' 


14.95 ± 0.32 X 10'* 


bci+ 




-0.12 ±0.07 


-0.233 ±0.036 
[-0.189 ±0.016] 


-0.170 ±0.083 xlO"* 


boo 




-7.1 ±0.8 


-6.61 ±0.23 
[-6.72 ± 0.22] " 


-6.85 ±0.47 xlO"* 


as 


6 ± 2 


6.2 ± 0.9 


5.60 ±0.19 


6.0 ±0.7 xlO"* 


ba 




-5.0 ± 1.2 


-4.02 ±0.18 


X 10-* 


aT 




0.9 ±0.1 




0.8 ±0.2 X 10"^ 






0.45 ±0.12 




0.45 ±0.2 X 10"^ 



Units of M^. Nagel: Nagel et al., (1979); PSGY: Palou, Sanchez-Gomez and Yndurain (1975). 
(These two sets are included for historical interest). CGL: Colangelo, Gasser and Leutwyler (2001); 

PY: the results in Pelaez and Yndurain (2003), as given in the present review. The errors in PSGY 

only include the error due to variation of a^Q^ between 0.2 and 0.3 ; full errors could be a factor 
2 larger. 

(^) The numbers in braces are those given by CGL themselves; the numbers outside are from the 
Foissart-Gribov representation. {^) Numbers in braces are from the pion form factor (de Troconiz 
and Yndurain, 2002). Other numbers in "PY" are from the Froissart-Gribov projection. 

Table III 



We have also, not included in the Table III, the results of Kamihski, Lesniak and Loiseau (2003) 
for the P wave (the S waves were discussed already in Subsect. 6.3.2). These authors give the 
numbers 

ai = (39.6 ± 2.4) x lO'^ M-^ bi = (2.63 ± 0.67) x IQ-^ M'^. 
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The central value for ai is too high, although it is compatible within its errors with other determi- 
nations (Table III). The value of 61, however, is almost 3cr below the lowest one in Table III. The 
reason could be that Kamihski, Lesniak and Loiseau use some calculation techniques (effective, 
separable potentials and Pade approximants) which may bias their results. 

We think the numbers in Table III speak for themselves, but there are a few remarks that 
can be made. First of all, we would also like to comment on the agreement of the old results of 
PSGY with the more modern determinations, both here and in CGL. This is noteworthy, and lends 
weight to the suitability of the Proissart-Gribov method to calculate low energy parameters for P, 
D and higher waves: compare for example PSGY with Nagel, in spite of the fact that the last is two 
year more modern (apparently, Nagel and collaborators were not aware of the PSGY evaluations). 
Secondly, we have not presented the results of Anaiithanarayaii et al. (2001). They are similar to 
those of CGL, but the errors are a factor ^ 2.5 times larger. Thirdly, we have the inconsistency 
of the results of CGL, both with themselves (different values for different determinations, as for 
ao+, aoo) and with the TY value (for 61), which reaches the 4cr level. This is discussed in detail 
in Pelaez and Yndurain (2003), Yndurain (2003b) and, together with the independent indications 
found by Descotes et al., (2002), indicates that the CGL solution is displaced, for some quantities, 
by about one to two sigma, and their error estimates are probably a factor 1.5 or 2 too optimistic. 

The reasons for this are, probably, a mixture of the following: first, use of an unrealistic set of 
Regge parameters and intermediate energy (1.42 GeV < s^/^ < 2 GeV) partial wave amplitudes. 
Secondly, the chiral perturbative expansions these authors use probably do not converge as fast as 
they assume. And thirdly, their experimental input is, at times, endowed with irrealistically small 
error estimates: see for example the discussion of this last in Yndurain (2003b). 
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8. QCD, PCAC and chiral symmetry for 
pions and kaons 



8.1. The QCD Lagrangian. Global symmetries; conserved currents 

In the previous chapters we have discussed general properties of pion interactions. In this chapter^^ 

we remember that pions are bound states of quark-antiqtiark, and tliat we have a theory of strong 
interactions, QCD. We wih then study properties of pion physics which follow, in one way or 
another, from the QCD Lagrangian, 

n 

£ = - ^ miqiqi + i ^ qtpqi - \{D x B)'^ + gauge fixing + ghost terms, (8.1.1) 

1=1 

where qi is the quark operator for flavour /, B is the gluon field operator, etc.; sum over omitted 
colour indices is generally understood. In (8.1.1) we assume that we have only light quarks {u, d 
and, eventually, s). The existence of heavy quarks has little influence in the physics of small 
momenta in which we are interested here. 

In the present section we start with the global symmetries of the QCD Lagrangian. Since its 
form is unaltered by renormalization, we can neglect the distinction between bare and renormalized 
£. 

Clearly, £ is invariant under Poincare transformations, x — > Ax+a. The currents corresponding 

to (homogeneous) Lorentz transformations A are not of great interest for us here. Space-time 
translations generate the energy-momentum tensor. Its form is fixed by Noether's theorem, which 
gives 

and the sum over i runs over all the fields in the QCD Lagrangian. These currents are conserved, 

d^e^"" = 0, 

and the corresponding "charges" are the components of the four-momentum 

P^ = J d^^e^^'ix). 

The explicit expression for 0'"^ in QCD is 

q q q (8.1.2b) 

- gaf}G^'°'G''^ + y^^G^ + gauge fixing + ghost terms. 

In the quantum version, we understand that products are replaced by Wick ordered products. 
is not unique and, as a matter of fact, direct application of (8.1.2a) does not yield a gauge 



^^This chapter follows, to a large extent, the corresponding one in the text of the author, Yndurain (1999), 
where we send for more details on QCD. 
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invariant tensor. To obtain the gauge invariant expression (8.1.2b) one may proceed by replacing 
derivatives by covariant derivatives. A more rigorous procedure would bo to reformulate (8.1.2a) 
in a way consistent with gauge invariance by performing gauge transformations simultaneously to 
the spacetime translation. For an infinitesimal one, + e^, we then define 

^ + (e„a"i?^ = D>^e^B: + e^G^)- 

The term D^CaB" may be absorbed by a gauge transformation, so we may write the transforma- 
tion as B^ B^ + e^G'^^. For a discussion of the arbitrariness in the definition of the energy- 
momentum tensor, see Callan, Coleman and Jackiw (1970) and Collins, Duncan and Joglekar 
(1977). 

Next, we have the currents and charges associated with colour rotations. We leave it to the 
reader to write them explicitly; they are particular cases of colour gauge transformations (with con- 
stant parameters) . We now pass over to a different set of currents not associated with interactions 
of quarks and gluons among themselves. 

If all the quark masses vanished, we would have invariance of £ under the transformations, 

"/ "/ 

<lf-^J2 ^ff'lf'^ 1f-^Yl ^h'^^qf (8.1.3) 

/'=i /'=i 



where /, /' are flavour indices, and W, unitary matrices. This implies that the currents 

(8.1.4) 



V^^^,{x) = q{x)rq'{x), 



would be each separately conserved. When mass terms are taken into account, only the diagonal 
are conserved; the others are what is called quasi-conserved currents, i.e., their divergences 
are proportional to masses. These divergences are easily calculated: since the transformations in 
(8.1.3) commute with the interaction part of £, we may evaluate them with free fields, in which 
case use of the free Dirac equation i^q = rugq gives 

^i^Kq' = ^("^9 ~ mq,)qq', d^Ai^^, = {{rUq + mg')q'y5q'. (8.1.5) 

In fact, there is a subtle point concerning the divergence of axial currents. Eq. (8.1.5) is correct as 
it stands for the nondiagonal currents, q ^ q'; for q = q', however, one has instead 

d^A^Jx) = i(m, + mM^Hqix) + ^e^^P^G^,{x)G,,{x), (8.1.6) 

with Tp — 1/2 a colour factor. This is the so-called Adler-Bell-Jackiw anomaly, that we will 
discuss later. 

The equal time commutation relations (ETC) of the V, A with the fields are also easily calcu- 
lated, for free fields. Using (8.1.4) and the ETC of quark fields, one finds, 

S{x' - y')K,{x), q"{y)] =-6{x- t/) V'9'(x), ^ 
d{x' - y')[A°^,{x),q"iy)] = - 5(x - y)d,,,n5q'{x), etc. 

The V, A commute with gluon and ghost fields. The equal time commutation relations of the V, A 
among themselves (again for free fields) are best described for three fiavours, f = 1, 2, 3 = u, d, s 
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by introducing tlie Gell-Mann A" matrices in flavour space (for two quarks u, d, replace the A" by 
the of Pauli, and the fabc by Cabc in (8.1.9) below). So we let 

Va^ix) = ^qf{x)X'}fn^qf,{x), A^(x) = ^qf{x)X'}f,r^,qf,{x), (8.1.8) 
//' //' 

and we then obtain the commutation relations 

5{x' - y')K{x), <(y)] = 2i5{x -y)Y, hbcA>i{x), (8.1.9) 

5(xO - yO)[AO(x),<(y)] =2l5{x y)Y, fabcV^'i^), etc. 

Equations (8.1.7) and (8.1.9) have been derived only for free fields. However, they involve short 
distances; therefore in QCD, and because of asymptotic freedom, they will hold as they stand even 
in the presence of interactions. 

Equal time commutation relations of conserved or quasi-conserved currents with the Hamilto- 
nian may also be easily obtained. If J'* is conserved, then the corresponding charge 

Qj{t) = j d3xJ°(t,x), t^xo, 

commutes with W: 

[Qj{t),H{t,y)] = Q. 

Here Ti is the Hamiltonian density, H — 0°°. If J is quasi-conserved, let Tim be the mass term in 

n, 

9 

Then, 

[Qj{t), -Hmit, y)] = id^J^it, y). (8.1.10) 
Of course, Qj still commutes with the rest of W. 

8.2 Mass terms and invariances: chiral invariance 

In this section we will consider quarks with masses m<^ A (with A the QCD mass parameter), to 
be referred to as light quarks.^^ Because the only dimensional parameter intrinsic to QCD is, we 
believe, A, we may expect that to some approximation we may neglect the masses of such quarks, 
which will yield only contributions of order vr? j A? . 



^^It is, of course, unclear whether the meaningful parameter in this respect is yl, connected to the strong 
interaction coupling by 

~ (33-2n/)logV^2' 

or defined by as(ylo) « 1. Prom considerations of chiral dynamics (see later), it would appear that the 

scale for smallness of quark masses is 47r/,r ~ 1 GeV, where j-n is the pion decay constant; but even if we 
accept this, it is not obvious at which scale m has to be computed. We will see that rn„, md ~ 4 to 10 MeV 
so there is little doubt that u, d quarks should be classed as "light" with any reasonable definition; but 
the situation is less definite for the s quark with vris ~ 180 MeV. 
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To study this, we consider the QCD Lagrangian, 

n n 

£ = - ^ miqiqi + i ^ qipqi - ^{0 x B)'^ + gauge fixing + ghost terms. (8.2.1) 

1=1 1=1 

The sum now runs only over light quarks; the presence of heavy quarks will have no practical 
effect in what follows and consequently we neglect them. We may then split the quark fields into 
left-handed and right-handed components: 

1-75 1+75 

qi = qL,i + qR,i\ qL,i = q-,i = — ^ — qu qR,i = q+,i = — ^ — qi- 

In terms of these, the quark part of the Lagrangian may be written as 

n n 

C = -^mi {qR,iqL,i + qL,iqR,i) + i ^ {qL,ipqL,i + qR,ipqR,i) +■■■ ■ 
1=1 1=1 

We then consider the set of transformations (left-handed times right-handed) given by 
the independent transformations of the qR^i, qL,i- 

^^W'^te,/', ^^M^ir9L,!'; unitary. (8.2.2) 
I' I' 

Clearly, the only term in £ that is not invariant under all the transformations (8.2.2) is the mass 
term, 

n n 

7W = ^ miqiqi = ^ {qR,iqL,i + qL,iqR,i) ■ (8.2.3) 
1=1 1=1 

When written in this form, the mass term is invariant under the set of transformations \U (1)]", 

qi^e'^'qu (8.2.4) 

but this would not have been the case if we had allowed for nondiagonal terms in the mass matrix. 
To resolve this question of which are the general invariance properties of a mass term, we will prove 
two theorems. 

Theorem 1. Any general mass matrix can be written in the form (8.2.3) by appropriate redef- 
inition of the quark fields. Moreover, we may assume that m > 0. Thus, (8.2.3) is actually the 
most general mass term possible. 

For the proof we consider that the most general mass term compatible with hermiticity is 

^' = Y1 {^L,iMu,qRj, + qR^iMi*i,qLj,} . (8.2.5) 

Let us temporarily denote matrices in flavour space by putting a tilde under them. If M is the 
matrix with components -M;;/, then the well-known polar decomposition, valid for any matrix, 
allows us to write 

¥ = rnU, 

^''The theorems are valid for any quark mass matrix, i.e., also including heavy flavours. 
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where m is positive-semidefinite, so all its eigenvalues are > 0, and U is unitary. Eq. (8.2.5) may 
then be cast in the form 

■M' = ^ {qL,imii,q'fi i, + q' R^im^qL^i' } , q'n^i = ^ U^qR^i, , (8.2.6) 

and we have used the fact that m is Hermitian. Define q' — qL + q'n', because qnqR = qhqL = 0, 
(8.2.6) becomes, in terms of q' , 

M' = ^q'imii'q'i,. 

It then suffices to transform q' by the matrix that diagonalizes m to obtain (8.2.3) with positive 
nil ■ The term qpq in the Lagrangian is left invariant by all these transformations, so the theorem 
is proved. 

Theorem 2. If all the mi are nonzero and different, then the only invariance left is the [?7(1)]" 
of (8.2.4). 

Let us consider the ]V± of (8.2.2), and assume that W+ = W ^ = W; to show that this must 
actually be the case is left as an exercise. The condition of invariance of M yields the relation 

W^mW = m, i.e., [m, 1^1=0. (8.2.7) 

It is known that any n x n diagonal matrix can be written as X]fe=o CfeJji'^ if, as occurs in our 
case, all the eigenvalues of m are different and nonzero. Because of (8.2.7), it then follows that W 
commutes with all diagonal matrices, and hence it must itself be diagonal: because it is also unitary, 
it consists of diagonal phases, i.e., it may be written as a product of transformations (8.2.4), as 
was to be proved. We leave it to the reader to check that the conserved quantity corresponding to 
the U{1) that acts on flavour qf is the corresponding flavour number. 

In the preceding theorems, we have not worried whether the masses m were bare, running or 
invariant masses. This is because, in the MS scheme, the mass matrix becomes renormalized as a 
whole: 

M = Z-^Mu, 

where is a number. The proof of this last property is easy: all we have to do is to repeat the 
standard renormalization of the quark propagator, allowing for the matrix character of M, Z^. 
We find, for the divergent part and in an arbitrary covariant gauge, with gauge parameter ^, 

- (1 - - ¥)N.c,^, + j4m' 

and we have defined 

M = M^ + SM, Zp = 1-Af. 
The renormalization conditions then yield 

Af^ +Af=-{1- ONcCpr^ = diagonal, 

[Aj.,M]=0, [M,()M]=0, 

5M ^^.Cf^M. 
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Thus, the set of fermion fields and the mass matrix get renormalized as a whole: 

Z-^ = 1 + {1-^)N,Cf^, Z^ = 1-3N,Cf^, (8.2.8a) 

i.e., 

Zf = Zf 1, Zm = Zm 1. (8.2.8b) 

We have proved this to lowest order, but the renormalization group equations guarantee the result 
to leading order in ag. 

This result can be understood in yet another way. The invariance of £ under the transfor- 
mations (8.2.4) implies that we may choose the counterterms to satisfy the same invariance, so 
the mass matrix will remain diagonal after renormalization. In fact, this proof shows that in mass 
independent renormalization schemes (such as the MS), Eqs. (8.2.8b) actually hold to all orders. 

The results we have derived show that, if all the rrii are different and nonvanishing,'^"'' the 
only global symmetries of the Lagrangian are those associated with flavour conservation, (8.2.4). 
As stated above, however, under certain conditions it may be a good approximation to neglect 
the mi. In this case, all the transformations of Eq. (8.2.2) become synnnetrics of the Lagrangian. 
The measure of the accuracy of the symmetry is given by, for example, the divergences of the 
corresponding currents or, equivalently, the conservation of the charges. This has been discussed 
in Sect. 8.1, and we now present some extra details. 

Let us parametrize the W as exp{(i/2) ^ ^qA"}, where the A are the Gell-Mann matrices. (We 
consider the case n = 3; for n = 2, replace the A by the r of Pauli). We may denote by U±{6) the 
operators that implement (8.2.2): 

For infinitesimal 6, we write 
so that (8.2.9) yields 

I' ^ 

Because the U± leave the interaction part of the Lagrangian invariant, and since QCD is a free field 
theory at zero distance, we may solve (8.2.10) using free-field commutation relations. The result is 

i:^(t)=: /d3xEfe,Ka;)7°A?;,3±,;.(x):, t ^ . (8.2.11) 
•' w 

These will be recognized as the charges corresponding to the currents 

JT{x) =: Y.^l{x)\tin''^A^qAx) : . (8.2.12) 



'As seems to be the case in nature. As we will see, one finds md/rriu ~ 2, ms/ma ~ 20, ~ 5 MeV. 
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If the symmetry is exact, d^J'^ — 0, and a standard calculation shows that the are actually 

independent of t. Otherwise, we have to define equal time transformations and modify (8.2.9, 10) 
writing, for example, 

[Ll{t),q±,i{x)\^-Y,>HV<l±,l'{x), t^x°. (8.2.13) 
I' 

The set of transformations 

C/±(e,t) = exp|-^^L^(t)e„|, 

builds up the group of chiral transformations generated by the currents (8.2.12). In our present 
case we find the chiral SU^{3) x SUp{3) group. Its generators may be rearranged in terms of the 
set of vector and axial currents V/l,{x), AfJ, (a;) introduced in Sect. 8.2. (Actually, not all diagonal 
elements are in SUp{3) x S'L''^(3), but they are in the group Up {3) x Up (3)). An important 
subgroup of 5^7^(3) x SUp{3) is that generated by the vector currents, which is simply the fiavour 
SU{3) of Gell-Mann and Ne'eman. 

The exactness of the symmetries is related to the time independence of the charges L± , which 
in turn is linked to the divergence of the currents. These divergences are proportional to differences 
of masses, rrii — mii for the vector, and sums m; + m// for the axial currents. Thus, we conjecture 
that SUf{3) will be good to the extent that \mi — mi' p <C and chiral SUp{3) x SUp{3) to the 
extent that mi <^ A. In the real world, it appears that mass differences are of the same order as 
the masses themselves, so we expect chiral symmetries to be almost as good as flavour symmetries. 
This seems to be the case experimentally. 

8.3 Wigner— Weyl and Nambu— Goldstone realizations of symmetries 



The fact that flavour and chiral SU(3) (or SU{2)) appear to be valid to similar orders of approxi- 
mation does not mean that these symmetries are realized in the same manner. In fact, we will see 
that there are good theoretical and experimental reasons why they are very different. 
Let us begin by introducing the charges with definite parity, 

Q'' = Ll + L'^, Q^ = Ll-L'L. (8.3.1) 

Their equal time commutation relations are 

[g«(t),Q''(t)]=2i^r^'=Q'=(t), 

[g«(t),Q^(t)] =2iY, r'^Qm, (8.3.2) 

The set Q° builds the group SUf{3). In the limit mi 0, all Q, Q5 are ^-independent and 

[Q^£] = [Qg,£]=0. (8.3.3) 

The difference between Q"', Q?;, however, lies in the vacuum. In general, given a set of generators 
of symmetry transformations of £, we have two possibilities: 

L.'|0) = 0, (8.3.4) 
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which is called a Wigner-Weyl symmetry, or 

i^' 10)7^0, (8.3.5) 

or Nambu-Goldstone symmetry. Obviously, we will in general have a mixture of the two symmetries, 
with some L', i = 1, . . . , r, verifying (8.3.4) and the rest, L*^, k = r + 1, . . . ,n, satisfying (8.3.5). 
Since the commutator of two operators that annihilate the vacuum also annihilates the vacuum, it 
follows that the subset of Wigner-Weyl symmetries forms a subgroup. 

Two theorems are especially relevant with respect to these questions. The first, due to Cole- 
man (1966), asserts that "the invariance of the vacuum is the invariance of the world", or, in 
more transparent terms, that the physical states (including bound states) are invariant under the 
transformations of a Wigner-Weyl group of symmetries. It follows that, if we assumed that chiral 
symmetry was all of it realized in the Wigner-Weyl mode, we could conclude that the masses of 
all mesons in a flavour multiplet would be degenerate, up to corrections of order m^/Af^, with 
M^^ the (average) hadron mass. This is true of the co, p, K* , cp, but if we include parity doublets 
this is no longer the case. Thus, for example, there is no scalar meson with a mass anywhere near 
that of the pion, and the axial vector meson masses are more than half a GeV larger than the 
masses of cu or p. Thus it is strongly suggested that SUpi'i) is a Wigner-Weyl symmetry, but 
chiral SUp{3) x SUp{3) contains generators of the Goldstone-Nambu type. We assume, therefore, 

Q'^(i)|0) = 0, Qtitm^O- (8.3.6) 

The second relevant theorem is Goldstone's (1961). It states that, for each generator that fails 
to annihilate the vacuum, there must exist a massless boson with the quantum numbers of that 
generator. Therefore, we "understand" the smallness of the masses of the pion or kaon'^^ because, 
in the limit m„, rud, rUg — *■ 0, we would also have /x — > 0, rriK — > 0. Indeed, we will later show that 

n'^^niu+md, m\ ^ mu4 + ms. (8.3.7) 

We will not prove either theorem here, but we note that (8.3.7) affords a quantitative criterion 
for the validity of chiral symmetries; they hold to corrections of order fi^/m^ for SU{2) and of 
mj^/mj^, for SU{3). 

We also note that a Nambu-Goldstone realization (Nambu, 1960; Nambu and Jona-Lasinio, 

1961a,b) is never possible in perturbation theory. Since the symmetry generators are Wick-ordered 
products of field operators, it is clear that to all orders of perturbation theory Q^{t)\0) — 0. This 
means that the physical vacuum is different from the vacuum of perturbation theory in the limit 
m ^ 0. We emphasize this l)y writing |0) for the perturbation-theoretic vacuum and |vac) for the 
physical one when there is danger of confusion. So we rewrite (8.3.6) as 

Q»(t)|vac) = 0, Qt{t)\vac) 7^ 0. (8.3.8) 

It is not difficult to see how this may come about in QCD. Let ap(k) be the creation operator for 
a particle P with three-momentum k. The states 

n 

a^(0)'^o^(0)|0) = \n) 

^^The particles with zero flavour quantum numbers present problems of their own (the so-called U{1) 
problem) that will be discussed later. 
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are all degenerate in the limit mp — > 0. Therefore, the physical vacuum will be, in this limit, 

2> ^'^Cn\n), 



vac) 



i.e., it will contain zero-frequency massless particles (Bogoliubov's model). In QCD we have the 
gluons which are massless, and so will the light quarks be, to a good approximation, in the chiral 
limit. 

8.4. PCAC, 77+ decay, the pion propagator and light quark mass ratios 
8.4.1. The weak axial current and tt"*" decay 

We are now in a position to obtain quantitative results on the masses of the light quarks, relating 
them to the masses of pions and kaons. To do so, consider the current 

and its divergence 

The latter has the quantum numbers of the tt"*", so we can use it as a composite pion field operator. 
We thus write 

d^^Kdi^) = V2fn^^Mx)- (8-4.1a) 

The factors in (8.4.1a) are chosen for historical reasons (our convention is not universal, however). 
4>n{x) is the pion field normalized to 

{0\4>^{x)\nip)) = ^^-l^e-'f-, (8.4.1b) 

with \n{p)) the state of a pion with momentum p. The constant /jr maybe obtained from experiment 
as follows. Consider the weak decay tt"*" — > n'^v. With the effective Fermi Lagrangian for weak 
interactions (see, e.g., Marshak, Riazzudin and Ryan, 1969) 

= ^/^'^a(1 - l5Huj\l - 75)rf + • • • , 



we find the decay amplitude 



F{n -> fiiy) = ^^W(,)(p2)7a(1 -75)t^(^)(pi,t^)(0|A^rf(0)|7r(p)). (8.4.2a) 
Now, on invar iance grounds, 

{0\AU0Mp))=ip^C^; (8.4.2b) 
contracting with p^ we find (7,^ = /^v^/(27r)^/^ and hence 

= {0\dxAU0Mp)) = V2U^^^J^^. (8.4.2c) 
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Therefore 

and we obtain from the decay rate. An accurate evaluation of /^r requires taking into account the 
Cabibbo rotation and electromagnetic radiative corrections; one gets /^r 93 MeV. A remarkable 
fact is that, if we repeat the analysis for kaons, 

d^A'^^.ix) = V2fKml<PK{x), (8.4.3) 

we find that, experimentally, fx ~ HO MeV: it agrees with to 20%. Actually, this is to be 
expected because, in the limit mu,d,s 0, there is no difference between pions and kaons, and we 
would find strict equality. That /^r, /k are so similar in the real world is a good point in favour of 
SUp{3) chiral ideas. 

The relations (8.4.1) and (8.4.3) are at times called PCAC"^^ but this is not very meaningful, for 
these equations are really identities. One may use any pion field operator one wishes, in particular 
(8.4.1), provided that it has the right quantum numbers and its vacuum-one pion matrix element 
is not zero. The nontrivial part of PCAC will be described below. 

8.4.2. The pion propagator; quark mass ratios 

The next step is to consider the two-point function, or correlator (we drop the ud index from 

And) 

n^'''{q)=i j d4xe'«-^(TA'^(x)A"^(0)t),^„ 

and contract with q^, q^^: 

q.q^W"' {q) = - q, j d^x e'^-^9^(T /I" (,x-)A'^(0)t)vac 

= -quj d4xe^''-<5(xO)([AO(x), A''(0)t]),,e 

-q^ j d^xe'«-"(Ta-A(x)A'^(0)t),^, 
= 2ij d4xe'«--,5(x°)([AO(a;),a-A(0)t]),,, 
+ i j d^a;e'«-"(Ta-A(;r)a-^(0)t),ac. 
Using Eqs. (8.4.1, 2) and evaluating the commutator, we find 

q.q^n^^'iq) =2(m„ + rud) J d^xe'i ''6{x){u{x)u{x) + d{x)d{x))^^^ 



'^Partially conserved axial current. In fact, in the limit /j,^ — » 0, the right hand side of (8.4.1a) vanishes. 
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or, in the limit g — » 0, 

2(m„ + md){: w(0)u(0) + J(0)d(0) 



g-»0' 



and we have reinstated exphcitly the colons of normal ordering. The right hand side of this equality 
has contributions from the pion pole and from the continuum; by writing a dispersion relation 
(Cauchy representation) for 11 {t), defined by 

n{q^)^i J d4xe'«-(T0,(x)<^,(O)t),,„ 

they can be expressed as^^ 



1 f , imn(t) 

' dt ^ ' 



(_ /K^ — q-^ IT J t — q'^ 
ImiT(t) 



dt- 



t 



The order of the limits is essential; we first must take q ^ and the chiral limit afterwards. In the 
limit — > 0, the first term on the right hand side above diverges, and the second remains finite. 
We then get 

(m„ + md){uu + dd) = -2/2/z2 {l + 0(m')} , ^^^^^ 
(qq) = (: qiO)q{0) :)vac, q = u,d,s,.... 

This is a strong indication that {qq) / because, in order to ensure that it vanishes, we would 
require /tt = (or very large O(m^) corrections). We also note that we have not distinguished in 
e.g. (8.4.4), between bare (w) or renormalized (R) quark masses and operators; the distinction is 
not necessary because nig and (qq) acquire opposite renormalization, so that rnu{qq)u = '>Tfiii{qq) r. 
We may repeat the derivation of (8.4.4) for kaons. We find, to leading order in m\, 

(ms+m„)(ss + UM) ~-2/^+m^+, /o , ,x 

_ _ 2 2 (8.4.5) 

{rus + md){ss + dd) c±- 2/^om^o. 

We may assume fx+ = fx^ since, in the limit ^ <C they should be strictly equal. For 
the same reason, one can take it that the VEVs {qq) are equal for all light quarks. Under these 
circumstances, we may eliminate the VEVs and obtain 

rUs + ruu fKm\+ mg - m„ /|r("^go - ™|r+) 



^®The equation below should have been written with subtractions, to compensate for the growth of n{q^) 

for large q^; but these do not alter the conclusions. 

^^Properly speaking, this is the PCAC limit, for in this limit the cixial current is conserved. 
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A more careful evaluation requires consideration of electromagnetic contributions to the observed tt, 
K masses (Bijnens, 1993; Donoghue, Holsten and Wyler, 1993) and higher order chiral corrections 
(Kaplan and Manohar, 1986; Bijnens, Prades and de Rafael, 1995).^° In this way we find 

^ = 18 ±5, ^ = 2.0 ±0.4. (8.4.6) 

ma m„ 

If we couple this with the phenomenological estimate (coming from meson and baryon spectroscopy) 
Tig — ma ~ 100 to 200 MeV, — m„ « 4 MeV, we obtain the masses (in MeV) 

m„(g2~m2)«5, md(Q2~m2)«9, m,(Q2 ^ m^) « 190, (8.4.7) 

where the symbol « here means that a 50% error would not be very surprising. 

This method for obtaining light quark masses is admittedly very rough; in the next section we 
will describe more sophisticated ones. 

To conclude this section we make a few comments concerning light quark condensates, {qq). 

The fact that these do not vanish implies spontaneous })reaking of chiral symmetry because, under 
q — > 759, {qq) —{qq)- One may thus wonder whether chiral symmetry would not be restored in 
the limit ruq — > 0, which would imply 

{qq) -0. (8.4.8) 

mq—*0 

This possibility is discussed for example by Gasser and Leutwyler (1982). The equation (8.4.8) is 
highly unlikely. If it held, one would expect in particular the ratios, 

{ss) : {dd) : {uu) ~ 190 : 9 : 5, 

which runs contrary to all evidence, from hadron spectroscopy to SVZ sum rules which suggest 

{ss) ~ {dd) ~ {uu) 

to a few percent. Thus we obtain an extra indication that chiral symmetry is indeed spontaneously 
broken in QCD. 

8.5. Bounds and estimates of light quark masses in terms of the pion 
and kaon masses 



In this section we describe a method for obtaining bounds and estimates of light quark masses. 
The method was first used (to get rough estimates) by Vainshtein et al. (1978) and further refined 
by Becchi, Narison, de Rafael and Yndurain (1981), Gasser and Leutwyler (1982), etc. One starts 
with the correlator, 



^Uq'') = i / d^xe"^-^{Td ■ Aij{x)d ■ Ai,(0)t),,e 

= i(mi + m,)2 I d4xe'«--(T4(x)4(0)t),,„ 



(8.5.1) 



*°The method originates in the work of Glashow and Weinberg (1968a,b) and Gell-Mann, Oakes and 

Renner (1968). In QCD, see Weinberg (1978a), Dommguez (1978) and Zepeda (1978). Estimates of the 
quark masses essentially agreeing with (8.4.6, 7) below had been obtained even before QCD by e.g. 
Okubo (1969), but nobody knew what to do with them. The first evaluation in the context of QCD is 
due to Leutwyler (1974). 
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where 



qn^isQj, Jij = qii5qj, i,j = u, d, s. 

To all orders of perturbation theory, the function 
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vanishes as 



00. Hence, we may write a dispersion relation of the form 



■ u 



dt 



(t + g2)3' 

For large values of , t we may calculate Fij (Q^ ) , Im 'I^fj (t) . The calculation has been improved 
along the years due to increasing precision of the QCD evaluations of these quantities.'*^ Here, 
however, we will consider only leading effects and first order subleading corrections. We then have, 

2M2 



+ 



3Q4 



Q2 '3 Q4 



(8.5.3a) 



and 



Stt 



^ ^ 17 O'sit) 
3 IT 



t — {rrii — mjY 



(8.5.3b) 



The contributions containing the condensates are easily evaluated taking into account the nonper- 

turbative parts of the quark and gluon propagators. The quantities mi{qjqj) may be reexpressed 
in terms of experimentally known quantities, fK,v, rnK,'K as in (8.4.4, 5). For the case ij — ud, 
which is the one we will consider in more detail, their contribution is negligible, as are the terms 
of order m?/Q'^ in Eqs. (8.5.3). We will henceforth neglect these quantities. Because one can write 
the imaginary part of the spectral function as 

Im^!j{t) = |(vac|a'^4^(0)|r)|' {2nf64q-pr) 
r 

it follows that lm'Ffj{t) > 0: it is this positivity that will allow us to derive quite general bounds. 
To obtain tight ones it is important to use the information contained in both Eqs. (8.5.3a,b); to 
this end, we define the function 



dt 



dt 



1 



2Im!Z^5(t) 



[t + Q^f 
2Im!Z/5(f) 



(8.5.4) 



(i + Q2)3 



^^Broadhurst (1981) and Chetyrkin et al. (1995) for subleading mass corrections; Becchi, Narison, de 
Rafael and Yndurain (1981), Generalis (1990), Sugurladze and Tkachov (1990), Chetyrkin, Gorishnii 
and Tkachov (1982), Groshny, Kataev, Larin and Sugurladze (1991) and Pascual and de Rafael (1982) 
for radiative corrections to various terms. 
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For sufficiently large Q*^ we may use (8.5.3) and integrate the imaginary part to obtain, for ij — ud, 



<fiud{Q^) = 



[mu{Q^)+md{Q^)? 



i + (^ + 21og2) 



+ 



3Q« 



[87rV.V + 27r(a,G2)] 



(8.5.5a) 



For the ij = us,ds cases, and neglecting m„,d/ms, 
^.M.(Q^)=8^|f [i + (^+21og2)^ 



2m 



^.5.5b) 



I + (6 + 41og2) ^1 + ^ [Sn^f^K + 2n{a,G')] 



TT J 



We can extract the pion (or kaon, as the case may be) pole explicitly from the low energy dispersive 
integral in (8.5.4) thus getting for e.g., (f^d 



2, ,4 



(m' + Q')^ 



+ 



dt 



to 



{t + Q 



2\3 



(8.5.6) 



the continuum threshold to is S/u^ for ij = ud or {rriK + 2fi)'^ for ij = {u, d)s. Because of the 
positivity of Im!?' this immediately gives bounds on mi{Q^) + mj{Q^) as soon as > Qq, where 
Qq is a momentum large enough for the QCD estimates (8.5.5) to be valid: thus, to leading order. 



rriuiQl) +md{Ql) > 



for the combination us. 



rrisiQl) > 



3 {Ql + f^^y 



2 \3 



(8.5.7a) 



(8.5.7b) 



The bound depends a lot on the value of Qq. We find, for example, the bounds 

m„(l GeV^) + mil GeV^) > 13 MeV, Ql = 1.75 GeV^ 
m„(l GeV^) + mail GeV^) > 7 MeV, Ql = 3.5 GeV^ 

and 

m«(l GeV^) >245 MeV, Ql = 1.75 GeV^ 

rfisil GeV^) > 150 MeV, Ql = 3.5 GeV^ . 

As is customary, we have translated the bounds (as we will also do for the estimates later on) to 
bounds on the running masses defined at 1 GeV. To do so, we have used the three loop expression 
for the running quark masses. 



(8.5.8a) 



(8.5.8b) 



m{t) =m{llogt/A^y 



i-d,'-2i}2ill^ + d. 



1 



4 _ 51-fn/ , _ 8 
dm — di — S -3 , d2 — — 



logV^^ logV^^ 
(^->/)/3o-51 + fn/ 
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and also the three loop running coupling constant, 




/3ilogL , (3\ 



Here 



P2 




The value for the QCD parameter that we use is 

yl(3 loop, n/ = 3) = 340 ± 120 MeV; 

see for example Yndurain (1999) or the more recent Particle Data Tables values, that essentially 
agree with this. 

The bounds can be stabilized somewhat by considering derivatives of Ff-, but (8.5.8) do not 
change much. 

To get estimates for the masses, a model is necessary for the low energy piece of the dispersive 
integral (8.5.6). At very low energy, one can calculate lm<]/^ using chiral perturbation theory (see 
for example Pagels and Zepeda, 1972; Gasser and Leutwyler, 1982); the contribution is minute. 
The important region is that where the quasi-two body channels are open, the (p, w) — tt channels 
for the ud case. This is expected to be dominated by the tt' resonance, with a mass of 1.2 GeV. 
One can take the residue of the resonance as a free parameter, and fit the QCD expression (8.5.5). 
This is the procedure followed by Narison and de Rafael (1981), Hubschmid and Mallik (1981), 
Gasser and Leutwyler (1982), Kataev, Krasnikov and Pivovarov (1983), Dommguez and de Rafael 
(1987), Chetyrkin, Pirjol and Schilcher (1997), etc. The errors one finds in the literature are many 
times overoptimistic because they do not take into account the important matter of the value Qo at 
which the perturbative QCD evaluation is supposed to be valid (Yndurain, 1998). Now, as is clear 
from Eq. (8.5.5), the radiative corrections feature a large coefficient, so it is difficult to estimate 
reliably a figure for Qfy Both bounds (as shown above) and estimates will depend on this. As 
reasonably safe estimates we may quote the values 



and we have, to reduce the errors a bit, taken also into account the chiral theory estimates of the 
mass ratios given in the previous section, Eq. (8.4.6). 

For the s quark, independent estimates (Chen et al., 2001, Narison, 1995) following from 



m„(Q2 = 1 GeV^) 

TfidiQ^ = 1 GeV^) 
fn,{Q^ = 1 GeV^) 



4.2 ± 2 MeV, 



200 ± 50 MeV 



8.9 ± 4.3 MeV, 



(8.5.9a) 



r — > z/^r + strange particles, e+e 



— > strange particles 



give slightly smaller numbers. Taking them into account we may write 



fhsiQ"^ = 1 GeV^) = 183 ± 30 MeV . 



(8.5.9b) 
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8.6. The triangle anomaly; 7r° decay. The gluon anomaly. The U{1) 
problem 

8.6.3. The triangle anomaly and the tt*^ decay 

Historically, one of the first motivations for the colour degree of freedom came from the study of 

the decay n'^ 77, which we now consider in some detail. 

The amplitude for the process tt" 77 may be written, using the reduction formulas, as 

<7(fci,Ai),7(fc2,A2)|5|7r°(g)) ^ ^^e;{h,X^)e:{h,\2) 

^^^>' (8.6.1) 
X j dVdS2clSe'(--'=^+--'=='— «)(□, + /z2)(TJ,^„(a;i)J,^^(x2)</>^o(2))o, 

and we have iised the relation □y4pj^(a::) = 71*^(2:), with A'^^ the photon field. We leave it as an 
exercise for the reader to check this, as well as to verify that, in our particiilar case, one can replace 

□.,a.,T{A^jxi)A^h(a;2)</'.o(^)} ^ T{(aA^,(xi))(aA^h(^2))0.o(^)}, 

i.e., that potential delta function terms that appear when the derivatives in the d'Alembertians act 
on the theta functions 6{xi — 2), . . . implicit in the T-product make no contribution. Separating 
off the delta of four-momentum conservation, we then find 

F (77° ^ 7(fci, Ai), 7(fc2, A2)) = ^'(g'^/^') e;(fci, Ai)e:(fc2, A2)F^-(fci, fca), (8.6.2a) 



q = ki + k2, where we have defined the VEV 

F^''{ki,k2)^ J d^xd'^ye'^'''''+y''^\TJ''{x)r{y)(t>{0))o. (8.6.2b) 

We henceforth suppress the indices "em" and "tt^" in J and 4> respectively. 
We next use the equation (8.4.3), generalized to include the w^: 

d^A^ix) = V2Utx-'<t>{x), (t> = <t>^o, 

A'^^ix) = {u{x)r-l^u{x) - d{x)YlM] ■ ^^'^'^^^ 

It will prove convenient to use, instead of Aq, the current A3, defined as 

A^{x) = {w(x)7'^75w(x) - J(x)7''75d(x)} ; (8.6.3b) 

with it, we write 



F^''{k^,k2)=^T^^''{k^,k2), 



T^^{ki,k2)=\ j d4xd4t/e'(^-'=i+^'=^)(TJ''(x)J^(y)a- A3(0))o. 



(8.6.4) 



Up to this point, everything has been exact. The next step involves using the PCAC hypothesis 
in the following form: we assume that F{'k — > 77) can be approximated by its leading term in the 
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limit g — > 0. On purely kinematic grounds, this is seen to imply that also fci, ^2 — > 0. One may 
write 

T^^'ih, fca) = e''''"^h^k2i3^ + 0{k^). (8.6.5) 

The PCAC hypothesis means that we retain only the first term in Eq. (8.6.5). As will be seen 
presently, this will lead us to a contradiction, the resolution of which will involve introducing the 
so-called axial, or triangle anomaly, and will allow us actually to calculate T'*" exactly to all orders 
of perturbation theory (in the PCAC approximation). 
The first step is to consider the quantity 

R^'"'{ki,k2) = i [ d^xd'^ye'^^'''+y'''\TJ^'{x)r{y)A^{0))o. (8.6.6) 



On invariance grounds, we may write the general decomposition, 

R^>"'{ki,k2) = e'^"^^"/ci„<?i + e>'''^"k2a^2 + Oi^), (8.6.7) 

where the O(fc^) terms are of the form 

e^^^^kiakjffkix^iji + permutations of I = 1,2, 3, 

and, for quarks with nonzero mass, the are regular as ki 0. 

The conservation of the e.m. current, d ■ J = 0, yields two equations: 

ki^Rt""^ = fe^-R'"'-^ = 0. (8.6.8) 

The first implies 

#2 = 0(A;2); (8.6.9a) 

the second gives 

#1 = 0{k^). (8.6.9b) 

Now we have, from (8.6.4) and (8.6.6), 

qxR^'^'iki, k2) = T>'''{kuk2), i.e., <P ^ ^2 - <^i, (8.6.10) 

and hence we find the result of Veltman (1967) and Sutherland (1967), 

^ = 0(fc2). (8.6.11) 

Because the scale for k is ji, this means that ^ should be of order /x^/M^, where M is a typical 
hadronic mass. Thus, we expect that ^ would be vanishing in the chiral limit, and hence very small 
in the real world. Now, this is in disagreement with experiment, as the decay tv^ — > 27 is in no 

way suppressed; but worse still, (8.6.11) contradicts a direct calculation. In fact, we may use the 

equations of motion and write 

dij,A'^{x) = 2i {m„u(a;)75u(a;) - mdd{x)'^^d{x)] . (8.6.12) 
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k. 




Fig. 8.6.1. Diagrams connected with the anomaly (tt" —^ 77 de- 
cay). 



We will calculate first neglecting strong interactions; (8.6.11) should certainly be valid in this 
approximation. This involves the diagrams of Fig. 8.6.1 with a 75 vertex. The result, as first 
obtained by Steinberger (1949) is, in the limit ki,k2 0, and defining 6u — 1, 6^ — —1, 

T^^''{k^,k2) = 2N, SfQjruf 

f=u,d 



[ ^ 

J (27r: 



47r2 



[{p + A;i)2 - m}] [{p - k2Y - m)]{p^ - m)) 
e'''"'^kr^k20{?.{Ql-Ql)] + O{k') 



^-^e^'"'''hak2f} + 0{k^). 

The factor — 3 comes from the sum over the three colours of the quarks and the factor 2 from 
the two diagrams in Fig. 8.6.1 (which in fact contribute equally to the amplitude). We thus find 
that 



= 

47r' 



(8.6.13) 



which contradicts (8.6.11). This is the triangle anomaly (Bell and Jackiw, 1969; Adler, 1969). 

What is wrong here? Clearly, we cannot maintain (8.6.12), which was obtained with free-field 
equations of motion, = rUgq; we must admit that in the presence of interactions with vector 
fields (the photon field in our case), Eq. (8.6.12) is no longer valid. To obtain agreement with 
(8.6.13) we have to write (Adler, 1969) 

dij,A^{x) =2i {muu{x)j5u{x) - mdd{x)'y5d{x)} 

^2 



+ N,{Ql-Ql)—^F^^{x)F^'^{x), 
where the duai F has been defined as 

More generally, for fermion fields interacting with vector fields with strength h, we find 



(8.6.14) 



(8.6.15) 
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H'"' is the vector field strength tensor. 

Let us return to the decay 7r° — > 27. Prom (8.6.13) we calculate the amplitude, in the PCAC 
limit /Lt ~ 0, 



- , a e'^"^"/^fci„A;2/3e;(fci, Ai)e;(fc2, A2) 



TT v27r 



and the decay rate 



647r/, 

to be compared with the experimental figure, 



-rexp(7r° ^ 27) = 7.95 X 10-^ MeV. 

Actually, the sign of the decay amplitude can also be measured (from the Primakoff effect) and 
it agrees with the theory. It is important to note that, if we had no colour, our result would have 
decreased by a factor l/N^, i.e., it would have been off experiment by a full order of magnitude. 

One may wonder what credibility to attach to this calculation: after all, it was made to zero 
order in ag. In fact, the calculation is exact to all orders in QCD;^^ the only approximation is the 
PCAC one /i w 0. To show this we will give an alternate derivation of the basic result, Eq. (8.6.13). 
We then return to (8.6.6). To zero order in a^, 

d^p Tr 7^75(1^ +^i+mf)-ff'{^ + mf)Y{i> -J^2+mf) 



(27r)4 [{p + fci)2 - m)] [{p - - m)] (p2 - m)) 
+ crossed term 

(Fig. 8.6.1 with the 7'''75 vertices). More generally, we regulate the integral by working in dimension 
D, and consider an arbitrary axial triangle with 

We would like to calculate qxRf^i^. Writing identically 



we have 



(^1 + ^2)75 = -{'^ - ^2 -mihb + {^ +^1 +mi)j5 - {rrii +mi)'y5, 



9Ai?r/ = -2{mi+mi) 

d^p Trjsi^ +^1 +mi)7^(j^ +mj)7'^(|i - ^2 + mi) 
(2^)^ [{p + kif - mf] [(p - k^f - m2](p2 _ rn]) 



(8.6.18a) 



^■^The proof is essentially contained in the original paper of Adler and Bardeen (1969). See also Wilson 
(1969), Crewther (1972) and Bardeen (1974). 
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(8.6.18b) 



1 > 



The first term on the right hand side of (8.6.18a) is what we would have obtained by naive use of 
the equations of motion, 9^5^7^759; = \{mi + mi)qi"f5qi; a^^{^ is the anomaly. If we accepted the 
commutation relations {7'*, 75} = also for dimension D ^ 4, we could rewrite it as 



1 „ 1 



<f = -2 / dp <i Tr75:^^^ ir7'^- 



^ +iii-mi i) - mi 
+ Tt^^Y-]-^ 7^ 



(8.6.18c) 



p - It 2 - mi 



Then we could conclude that a^^i^ vanishes because each of the terms in (8.6.18c) consists of an 
antisymmetric tensor that depends on a single vector (A;i for the first term, k2 for the second) and 
this is zero. It is thus clear that the nonvanishing of a'- ^^i^ is due to the fact that it is given by an 
ultraviolet divergent integral: if it was convergent, one could take D — > 4 and a^^^ would vanish. 
Incidentally, this shows that o^^^ is actually independent of the masses because {d / dm)a'^j^ is 

convergent, and thus the former argument applies. We may therefore write a^^'*' = a^^ . where a^'^ 
is obtained by setting all masses to zero. A similar argument shows that a^'^ has to be of the form 

a'"'{ki,k2) = oe'"'"^fciafc2/3, a = constant, (8.6.19a) 

and thus we may obtain a as 

92 



dkiadk20 



/^-"/^= a'^"(fci,fc2) . (8.6.19b) 



fci=0 



If we could write the formula (8.6.18c) for a, we would immediately conclude from (8.6.19b) that a = 
0, in contradiction with the Veltman-Sutherland theorem. But this is easily seen to be inconsistent: 
if we would have shifted variables in (8.6.18c), say p —^ p — ^k2, we would have found a finite 
but nonzero value, actually ^-dependent for a, a = — ^/27r'^. This shows that the commutation 
relations'*"^ {7'^) 75} — cannot be accepted for D ^ 0, for they lead to an undefined value for the 
anomaly. If, however, we start from (8.6.18b) and refrain from commuting 75 and 7'*s, 

J IP p p p p p p p ] 



*^These commutation relations are actually self-contradictory. For example, using only the commutation 
relations of the 7;^, = 0, . . . , — 1 for D ^ 4, we have 

Tr757"7''7''7''7a7'' = {<o - D) Tr: ^zl" 'y'^ -y" , 
while, if we allow 75 anticommutation, we can obtain 

Tr757"7''7''7''7a7" = - Tr 757''7"7''7a7"7" = {D - 2) Tr757''7"7''7", 

which differs from the former by a term 0{D — 4). These problems, however, only arise for arrays with 
an odd number of 75 and at least four other gammas. 
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FlG. 8.6.2. (a) A nonanomalous diagram, (b) "Opened" diagram 
corresponding to (a). 



Performing symmetric integration and using only the commutation rules for D ^ 4, we obtain an 
unambiguous result: 

This is one of the peculiarities of the anomaly: a finite Feynman integral whose value depends on 

the regularization prescription. Fortunately, we may eschew the problem by using the Veltman- 
Sutherland theorem to conclude that, at any rate, there is a unique value of a^'^ compatible with 
gauge invariance for the e.m. current, viz., 

<7 = ^^"^ = -^^'"'"^hc.k2p. (8.6.20) 

We have explicitly checked that our regularization leads to precisely this value; to verify that it 
also respects gauge invariance is left as as simple exercise. 

Before continuing, a few words on the Veltman-Sutherland theorem for zero quark masses are 
necessary. In this case, the first term on the right hand side of (8.6.18a) is absent: it would appear 
that we could not maintain our result for the anomaly, Eq. (8.6.20), because this would imply 



27r2 

thus contradicting the Veltman-Sutherland conclusion, qxR^^i'^ = 0. This is not so. The relation 

q\R^j{^ = a^'^ and the value of a^^ are correct. What occurs is that for vanishing masses the 
functions in (8.6.7) possess singularities of the tj'pe • ^2, singularities coming from the 

denominators in, for example, Eq. (8.6.17) when = 0. Therefore, the Veltman-Sutherland 
theorem is not applicable. This is yet another peculiarity of the anomalous triangle: we have the 
relation 

m— »0 



but, if we begin with m = 
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Let us return to our original discussion, in particular for m ^ 0. The present method shows 
how one can prove that the result does not get renormalized. The Veltman-Sutherland theorem is 
exact; so we have actually shown that it is sufficient to prove that (8.6.20) is not altered by higher 
orders in as- Now, consider a typical higher order contribution (Fig. 8.6.2a). It may be written as 
an integral over the gluon momenta and an integral over the quark momenta. But for the latter, 
the triangle has become an hexagon (Fig. 8.6.2b) for which the quark integral is convergent and 
here the limit — > 4 may be taken: it vanishes identically. In addition, the above arguments have 
shown that the anomaly is in fact related to the large momentum behaviour of the theory and thus 
we expect that the exactness of (8.6.13) will not be spoiled by nonperturbative effects. We will not 
make the proof more precise, but refer to the literature."*^ 

8.6.2. The f/(l) problem and the gluon anomaly 

In the previous section, we discussed the triangle anomaly in connection with the decay 77. 
As remarked there, the anomaly is not restricted to photons; in particular, we have a gluon anomaly. 
Although this lies outside the scope of the present review, we will say a few words on the subject. 
Defining the current 

n 

/=i 

we find that it has an anomaly 

" 2 
d'^A^^ = i ^ 2m/Qj759/ + ^GG, (8.6.24) 
/=i 

where _ _ ^ 

a 

The current (8.6.23) is the so-called U{1) current (pure flavour singlet) and is atypical in more 
respects than one. In particular, it is associated with the U{1) problem, to which we now turn. 

Assume that we have n light quarks; we only consider these and will neglect (as irrelevant to 
the problem at hand) the existence of heavy flavours. We may take n — 2 {u, d) and then we speak 
of "the U{1) problem of S'C/(2)" orn = 3 {u, d, s), which is the SU{Z) U{1) problem. Consider now 
the — 1 matrices in flavour space Ai, . . . , A„2_i; for 5[/(3) they coincide with the Gell-Mann 
matrices, and for SU{2) with the Pauli matrices. Deflne further Aq = 1. Any n x n Hermitian 
matrix may be written as a linear combination of the matrices A^, a = 0, 1, . . . , — 1. Because 
of this completeness, it is sufficient to consider the currents 

K=Y1 ^/7''75A^/,g/'; a = 0, 1, . . . , - 1. 

//' 

*^For a detailed discussion, see the reviews of Adler (1971) and Ellis (1976). The triangle graph is the only 
one that has primitive anomalies; it does, however, induce secondary anomalies in square and pentagon 
graphs. The triangle with three axial currents has an anomaly closely related to the one we have discussed, 
cf. the text of Taylor (1976). An elegant discussion of currents with anomalies for arbitrary interaction 
may be found in Wess and Zumino (1971). The derivation of the anomaly in the context of the path 
integral formulation of field theory, where it is connected with the divergence of the measure, may be 
found in Fujikawa (1980, 1984, 1985). 
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Of course, only Aq has an anomaly. 

Now let Ni{x),. . . , Nh{x) denote local operators (simple or composite) and consider the quan- 
tity 

{vac\TA'^{x)'[[Nj{xj)\vac). (8.6.25) 
j 

For a = a ^ 0, the Goldstone theorem implies that the masses of the pseudoscalar particles Pa 
with the quantum numbers of the Aa vanish in the chiral limit; introducing a common parameter e 
for all the quark masses by letting m/=er/, / = !,.. .,n, where the r/ remain fixed in the chiral 
limit, we have 

ml^ PS e. (8.6.26) 

Therefore, in this limit, the quantity (8.6.25) develops a pole at = 0, for a = o ^ 0. To be 
precise, what this means is that in the chiral limit (zero quark masses), 

lini J d'^xe''^-''{vac\TAi^{x)'[[Nj{xj)\vac) « (const.) x q^'\. 

If we neglect anomalies, the derivation of (8.6.26) can be repeated for the case a = and we would 
thus find that the U{1) (flavour singlet) particle Pq would also have vanishing mass in the chiral 
limit (Glashow, 1968). This statement was made more precise bj' Weinberg (1975) who proved the 
bound < \/nx (average mp^). Now, this is a catastrophe since, for the SU{2) case, ^ V^n 
and, for SU{3), the mass of the r/' particle also violates the bound. This is the U{1) problem. In 
addition, Brandt and Preparata (1970) proved that under these conditions the decay 77 ^ Stt is 
forbidden, which is also in contradiction with experiment. We are thus led to assume that (8.6.25) 
remains regular as e — > for a = 0. If we could prove that this is so, we would have solved the U{1) 
problem. We will not discuss this matter any more here, sending to the standard references.^^ 



'Adler (1969); Bardeen (1974); Crewther (1979b), etc. 
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9. Chiral perturbation theory 



9.1 Chiral Lagrangians 
9.1.1. The a Model 

In this and the following sections we will describe a method that has been devised to explore 
systematically the consequences of the chiral symmetries of QCD, in the limit of small momenta 
and neglecting the light quark masses (or to leading order in these). The method consists in 
writing Lagrangians consistent with chiral symmetry for pion field operators. These Lagrangians 
are not unique but, on the mass shell and for momenta much smaller than A^, all produce 
the same results (Coleman, Wess and Zumino, 1969; Weinberg, 1968a). The Lagrangians are not 
renormalizable, but this is not important as they are to be used only at tree level (actually, it turns 
out to be possible to go beyond tree level, at the cost of introducing a number of phenomenological 
constants, as we will discuss later). One can then use these Lagrangians to calculate low energy 
quantities involving pions, if the syiinnctry we consider is chiral SU{2), reproducing the results 
obtained in a more artisanal way with the help of current algebra and soft pion (PCAC) techniques. 
This general formulation of chiral dynamics was first proposed by Weinberg (1979) and later 
developed in much greater detail by Gasser and Leutwyler (1984, 1985a,b). We will begin in this 
section with a few examples, to proceed in next section to contact with PCAC and present a first 
application; the general formulation of chiral perturbation theory will be left for Sect. 9.3. 

The starting point to formulate the effective chiral Lagrangian theories is to write the chiral 
transformation properties of pions, whose field we denote by 0, with the vector representing 
an isospin index, and a fictitious, scalar particle that we will denote by a. This is the so-called 
sigma model for spontaneous symmetry breaking, devised by Gell-Mann and Levy (1960). For 
infinitesimal chiral (i.e., parity changing) transformations we write, 



The a are the parameters of the chiral transformations in SU{2) x SU{2), which would correspond, 
in a quark formulation, to the transformations involving 75. 

For ordinary isospin transformations, with parameters 6, we have 



Because we suppose invariance under the full SU (2) x SU (2) transformations it follows that a and 
fields should have the same mass, that (in a first approximation) we take to be zero. 

We now assume that the interaction is such that the field a acquires a vacuum expectation 
value, {(t) = k ^ 0; this will provide a large (i.e., of order A) mass for the sigma field, which will 



'We will consider here explicitly only chiral SU{2); the extension to chiral SU(3), that is to say, to 
processes involving also kaons and the r], is straightforward. 



a — >CT + da, da = —Q.(p 
(p -^(p + b(p, 50 = aa. 




5(7 = 0, 60 = 9 X 0. 



(9.1.1b) 
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then disappear from the low energy effective theory. To formulate the last, we want to redefine 
fields which do no more mix under chiral transformations. It happens that this is not possible if 
using linear transformations; but can be achieved if nonlinear ones are allowed (nonJinear sigma 
models). A simple choice is to set a' = a — k (so the VEV of a' vanishes) and then define 



R^y/ia^TW+^ -k, 



k ^ (9.1.2) 

(p. 



^J{a' + kY + ^ 

For small energies we can expand the new fields in terms of the old (in effect, this is an expansion 
in powers of fc~^), 

i?~0-'H , 7?~(^H 

so that the R, tt coincide, at leading order, with the old fields. However, the new fields do not mix 
under chiral transformations: we get 

SR^O, Sn^a —J^ =a\/fc2-7f2. (9.1.3a) 

Under ordinary isospin we still have, 

6R = 0, dn^exn. (9.1.3b) 

Because of these properties we can write a Lagrangiaii, invariant under chiral transformations, 
using only the field n: we have succeeded in decoupling the sigma field. The Lagrangian is not 
unique; a choice, suggested by Coleman, Wess and Zumino (1969), is to take 



1 



^(l + a2772)2 



, {dnf = {d^n){d^'n); a = l/2k, (9.1.4a) 



with n a reparametrization of tt : 

n= 



1 + ^1-7^7^2' 

it transforms chirally as 

1 



sn = 

a 



d(i- a^n^^ + 2a^n{d - n) 



We may expand C in powers of a getting 

2 n2 



c^\(dn) -\n'{dn) +\n'{dn) +••■ (9.1.5) 



Alternatively, we could interpret it as the enhancement experimentally observed in the isospin zero S-wave 
in pion-pion scattering at an energy around 750 MeV. The key point, of course, is that at low energies 
only the pions give appreciable contributions; those from other particles are suppressed by powers p^/M^. 
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77, / 77. / Figure 9.1.1 

Pi' ' "2' J 

The four pion graph. 



To show the usefulness of the effective Lagrangian formulation, we calculate tttt scattering to 
lowest order in a. Denote by i, j, k, I to the isospin indices, varying from 1 to 3. The Feynman rule 
corresponding to (9.1.5) to lowest order in a is, for a four-pion vertex with momenta pi, p2, ps, Pa, 
all incoming (Fig. 9.1.1), 

^ijhi (pspI +P1P2) 



+kk5ji{p'iPA+PiPl) (9-1-6) 
+ki5jk{p'ipl+ptpl) 
In terms of the Mandelstam variables 

S = {pi+Plf, t={p2+PAf, U={j)2+P3f, 

we can write the scattering amplitude that follows from (9.1.6) to lowest order as 

F{i+ j ^ k + l) ^ ——-r {SijSkis + SikSjit + SiiSjku} . (9.1.7) 

We will later identify a with l//,r, the inverse of the pion decay constant, so (9.1.7) gives the low 
energy (s, it, u <C A"^) pion-pion collision amplitude. The simplicity of this evaluation contrasts 
with that based on "old fashioned" PCAC, current algebra and soft pion techniques (Weinberg, 
1966). 

9.1.2. Exponential formulation 

A more elegant, but equivalent formulation uses a matrix representation of the pion field. Letting 
r be the Pauli matrices, for isospin space, we construct the 2x2 matrix 

n = f0 (9.1.8a) 

with (fi the pion field. We then exponentiate tt and set the matrix 

i: = exp2i7r/F. (9.1.8b) 
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The chiral SU{2) x SU{2) transformations are defined in terms of the unitary matrices Wl, Wr: 

E ^ S' = WlSwI. (9.1.8c) 
The symmetry breaking condition is implemented by assuming a nonzero VEV for E: 

The advantage of the present method is that we only work with the pion field from the beginning. 
It is convenient to parametrize the Wr^l as 

Wl =e"^e^''^, 

1 (9.1.9) 

Wr =e-"^e^^. 

For ordinary isospin transformations we simply set a = so that Wl and Wr coincide and (9.1.8) 
is equivalent to n' = W{9)TrW^^{d). Then, for the pion field itself we have n' = R{9)n with R{0) 
the three-dimensional rotation corresponding to the SU (2) matrix W{6) given by the relation 



w{9)T,W'\e) = ^RT^ie)T,. 



Under an infinitesimal chiral transformation, (9.1.8) gives, after expanding, 

= j: + Fa -\ . 

Next we construct a Lagrangian invariant under (9.1.8). The one which contains less derivatives 

is 

C = —TI{^|^S+)^^'IJ, (9.1.10) 

and the overall constant is chosen so that, after expanding, the kinetic term is ^{d^Tr)d'^Tf. This 
shows clearly the arbitrariness of the method: we can add extra terms with higher derivatives to 
(9.1.10). However, they will, on dimensional grounds, contribute to higher orders in the momenta. 
But it is important to realize that the effective Lagrangian methods axe only valid to give the first 
orders in the expansion in powers of the momenta, / . The theory says nothing a priori about 
higher corrections, which involve more and more arbitrary parameters. 

In this formalism we can introduce in a natural manner leading order symmetry breaking by 
considering that it is due to a quark mass matrix. 



M = 



niu 
nid 



This is not invariant under chiral (or even ordinary isospin) transformations. We may couple M 
and E; the lowest dimensionality scalar that can be formed is the function 

v^Tr{E+M + ME). 

u is a constant with dimensions of mass, that we will identify later. Expanding in powers of tt, we 
find that the first nonzero term is the quadratic one, 

--^TVM7r2 = - — (m„ + md)7f^ (9.1.11) 
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and we have used that (At)"^ = for any A. Eq. (9.1.11) provides the lowest order mass term for 
the pions; it has the nice feature that it reproduces (as it should) the result we had obtained with 
the help of PCAC and current algebra in (8.2.4). This allows us to realize that is proportional 
to the quark condensate. Applications of this to calculate some hadronic corrections to low energy 
weak interactions may be found in the book of Georgi (1984). 

An alternate to the exponential formulation presented here will be given in Sect. 9.3. 

9.2. Connection with PCAC, and a first application 

Before starting to calculate with the chiral Lagrangians described in the previous section we have 
to interpret the constant {F or a) that appears there. For this we have to introduce the axial 
current in the present formalism, which we choose to do in the original Coleman-Wess-Zumino 
version; the derivation in the exponential version, somewhat messier, may be found in the text of 
Georgi (1984). To do so we use a method which is a variant of Noetlier's method, due to Adler (for 
more details on it, see Georgi, 1984 or Adler, 1971). Let us consider a general Lagrangian jC{(p) 
depending on the field cj), and make an infinitesimal transformation on the fields, characterized by 
the infinitesimal parameters e^: 

i 

The corresponding variation of the Lagrangian is then 

SC = Ki[(t))ei + L'^{(t))d^ei + M^" {(fyd^" d"" ti + higher derivatives. 

(sum over repeated indices understood). The variation of the action can then be written, after 
integrating by parts, as 

5A = j d^x {Ki + d^J^]ei 
and we have defined the current J by 

jf = -Lf + +■■■■ 

For a symmetry of the system, the change must leave the action unchanged, hence d^^J^" — —K^. 
Moreover, choosing e constant, £ will be invariant only iiKi = 0. In this case, is obtained simply 
as the coefficient of df^Ci in the variation of £. It is interesting to note that, if £ only contains first 
order derivatives of the field 4>, then all the terms M, etc. above vanish so coincides with —L^. 

This can be immediately applied to the Lagrangian (9.1.4a). Working to lowest order in 77, we 
find immediately the axial current to be 

= — du,n + higher orders = — dn0+ higher orders. 

a a 

Taking derivatives of both sides and using the equations of motion this gives 

a 

On comparing with the definitions in Sect. 7.3, we can identify 

1 = / 
a 



- 121 - 



-CHAPTER 9- 



fjr the pion decay constant, f^r — 93 MeV. (The factor y/2 in the definitions of Sect. 7.3 
has disappeared becaiise the physical pion states are related to the ones used now, tt, by 
7r± =T2^^/2(7ri±i7r2)). 

With this identification we get the pion-pion scattering amplitude, given in Eq. (9.1.7), as 

F{i+ j ^ k + l) ^ {^ij^kis + SikSjit + diiSjku} . (9.2.1) 

lYom this one can evaluate the low energy parameters for tttv scattering. For example, the isospin 
1, P wave scattering length is calculated as follows. First, we identify the physical pion states in 
terms of the i, j, . . . = 1, 2, 3 ones as 

|7r°) = |3), |7r±)=T2-^/M|l)±i|2)}; 
the isospin 1 state will appear in particular in the combination Itt^tt''") as 

|7r°7r+) = 2-i/2|j = 1) + 2-V2|/ = 2). 
Moreover, we have the partial wave expansion, for states with well defined isospin I, 

F(^) = 2^(2/ + l)Pi{cos0)f^'^; //'^ = ^ sin j'^^e'^^" , (9.2.2) 
with dj^^ the phase shifts.*^ 



At small energy we write the partial wave amplitudes, f^^ , in terms of the scattering lengths, 



^^^^Tm= tt • 

k is the center of mass momentum; for massless pious, we can take = s/4. Following the custom 
in modern chiral perturbative calculations, we express our numbers in terms of M„ — . With 
all this we find, for the P wave 

a, = ^^.0.031M-3. (9.2.3) 

Experimentally, and from the analysis of Sect. 6.8, we know that 

ai(exp.) = (0.0386 ± 0.0012) 

The agreement between theory and experiment improves if including pion mass corrections, and 
higher order chiral perturbative theory terms (to be discussed later). 
The S-wave phase shifts are similarly calculated, and we get, 

(0) _ 7M^ i_ 



(2) _ 



-0.045 M-K 



° 167r/2 

The agreement of these with experiment is less good than before. Including corrections, the pre- 
dicted value for a'^'' (for example) could go up to 0.22 M^^, while experiment gives values in the 
range 0.215 M^^^ to 0.240 M^^^, as we saw in Chapter 6. Corrections will be discussed in more 
detail later on. 



■'^Recall that the factor 2 in the partial wave expansion is due to the identity of the particles, in states 
with well-defined isospin. 
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9.3 Chiral perturbation theory: general formulation 

There is a large number of further applications of chiral perturbation theory (at times also denoted 
by the name of xPT), to leading order, which the interested reader may find in the text of Georgi 
(1984). But one may ask if it is possible to go beyond. In fact, an enormous amount of work has 
been devoted to the matter in recent years, particularly following the basic papers of Gasser and 
Leutwyler (1984, 1985a, b)."*^ In the present section we will indeed describe the general formalism 
of chiral perturbation theory, following, precisely, the excellent expose of these authors. We will 
restrict ourselves to chiral isospin; the extension to chiral SU{3) may be found in Gasser and 
Leutwyler (1985a). 

The idea is the following: we will first extend the chiral symmetry in QCD to a gauge symmetry. 
Then we will construct the more general Lagrangians involving pions (for chiral SU{2)), first to 
leading order and then to higher orders, consistent with the PCAC definition d ■ A = fj^Tnu^(f>Tr 
and verifying the gauge chiral symmetry. Because these Lagrangians share the symmetry with the 
QCD one, it will follow that the theory based on pions will satisfy identical Ward identities and 
commutation relations as QCD; therefore they will show the same low energy properties. 

9.3.1. Gauge extension of chiral invariance 

As stated, we start by extending the SU (2) x SU{2) symmetry to a gauge symmetry. We do so 
by introducing sources in the QCD Lagrangian. We denote by £qcdo to the QCD Lagrangian for 
massless u, d quarks, 

>Cqcdo = - 3^'- (9.3.1a) 

a=u,d 

Then we consider £(v^, a^, s,p) where w^, a^u, s, p are, respectively, vector, axial, scalar and pseu- 
doscalar sources, and we define 

i^{vti,a^,s,p) =>Cqcdo 

+ XI ^'^'^1^ + '^a/S'Ts) 9/3 + XI ^« + Wa^lb) Qp- (9.3.1b) 

a,/3 a,/3 

We include the mass matrix in s^/? so that 

Sa/3 = rna5af3 + Sa/3- (9.3.1c) 

a, (} are fiavour indices that run over the values u, d, in our case. 

The Lagrangian (9.3.1b) is invariant under independent local gauge transformations of the left 
and right components of the q, provided we at the same time transform the sources: 

q^q'={l{l + 75)W^fl(x) + 1(1 - ^5)Wl{x)} q; 

v^'±a^' ^ ± a'" = Wr^l (u" ± a") W^ j^ + iWr^lO^wI ^, (9.3.2) 

s + ip ^s' + ip' — Wr{s + ip)wl. 



"'^We will not be able to give an amount of information comparable to that presented in these papers; we 
urge the reader to consult them for a more detailed treatment and further applications. The subject has 
had an enormous growth in the last years; a recent review, with references, is that by Scherer (2002). An 
introductory one is the text by Dobado et al. (1997). 
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Here the Wr^l are independent SU{2) matrices. The symmetry may be extended to a U{2) x U (2) 
symmetry; however, tlie current associated with the diagonal piece presents an anomaly, as we 
know. We will not study this piece here, but refer to Gasser and Leutwyler (1985a). To avoid it we 
will restrict the v^, to be traceless. This is automatic if we parametrize them in terms of the 
three- vectors v^", writing 



(9.3.3) 



and the are the Pauli matrices in flavour space. The s, p may likewise be parametrized in terms 
of the {Euclidean) four dimensional vectors sa, Pa with 

s = ^ sata, P = ^PaTa; To = 1. (9.3.4) 

A A 

At low energy the only degrees of freedom are those associated with the pions; moreover, we 

have to take also into account that, in QCD, the scalar densities have a nonzero expectation value 
in the ground state (the physical vacuum). We will use the quantity B defined as 

B = -^-f. (9.3.5) 

We write / for the pion decay constant in the chiral limit {niu^d ^ 0). In Subsect. 9.3.3 we will see 
the connection with the physical decay constant, whose value we take to be 93 MeV . In the 
chiral limit, B is independent of which q {u or d) we take. Comparing with (9.2.4) we have 

B^^^y{m^+m,). 



9.3.2. Effective Lagrangians in the chiral limit 



We will start by working in the chiral limit, mu,d = 0. At low energies an effective Lagrangian 
should only include pion fields and, apart from the nonzero value of the condensate, should respect 
chiral gauge invariance.^° To construct this Lagrangian we proceed as for the nonlinear cr-model 
of Sect. 9.1. We define a chiral four-dimensional vector cpA: ^ = 0, 1, 2, 3 such that (p = -k (the 
pion field) and ipQ = a (the a field). We get rid of the last by imposing the invariant constraint 

'^ipA^A = f'^- (9.3.6a) 

A 

We could include this into the Lagrangian, using a multiplier or, more simply, by admitting that 
<^o is not an independent field, but one has 

¥'0 = V/' - ^- (9.3.6b) 



'This is, of course, a limitation of the chiral dynamics approach; it must fail at distances where the 
composite character of the pions becomes relevant; thus certainly at energies of the order of the p mass, 
as this particle is a quark-antiquark bound state, and decays into two pions. 
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The transformation properties of under SU{2) x SU{2) imply the following values for the 
chiral covariant derivative, that we denote by V*: 

We then construct the more general Lagrangians which are compatible with Eq. (9.3.2), and 
involve only (fj^. We start at lowest order in the momenta, 0{p^). If we only allow two powers of 
the momenta at tree level, then only two derivatives can occur and the more general form of this 
first order Lagrangian is, simply, 

-Cch.i = I ^(V^(^a)V^^a. (9.3.8) 

A 

The index "cli." reminds us that this is valid in the chiral limit, and the factor 1/2 is included so 
that the kinetic energy term agrees with that for three real, (pseudo-) scalar fields. One can evaluate 
the axial current from (9.3.8) and identify / with the value of the pion decay constant, in the 
chiral limit. (In this case the identification of the axial current is simpler than before, as it is the 
current coupled to the axial source, a^). 

In particular, to lowest order and replacing (po in terms of 0, this gives 

^ch.i — \{d 1x0)9^ + -^T2 {0'^ti0) i'f'^'^'fi) + source terms + higher orders. (9.3.9) 

To order p"^, this is equivalent to (9.1.5). 

Let us next consider O(p^). Simple power counting shows that the loop corrections generated 
by (9.3.8) are of relative order for each new loop; hence, one loop corrections induced by £ch.i will 
be of order p^. These corrections (which are necessary in order to respect unitarity of the effective 
theory) are, generally speaking, divergent. However, if we use a regularization that respects gauge 
invariance (such as dimensional regularization, in the absence of anomalies) these divergences will 
multiply chiral gauge invariant polynomials of degree p'^. They can thus be absorbed into suitable 
counterterms. 

This leads us to construct all possible terms of order p'^ which will build the second order effec- 
tive Lagrangian, £ch.2- After use of the equations of motion it can be seen (Gasser and Leutwyler, 
1984) that its most general form will be (sum over repeated indices A, B, C understood) 

jCch.2 = -^{^1 (V'VaV^(^a)' + h (V^^^Vc^a) (V^^bV^^'b) 

+ hVAF^-'sFBCf.. + ^eV^^Ai^j^sV.V'B (9.3.10a) 

Here F is defined by 

(VA'V'^ - V'V^) ipA = FZi^pB (9.3.10b) 

and the reason for the numbering of the constants li , . . . , /i2 (that agrees with the definitions of 
Gasser and Leutwyler, 1984) will be seen below. 

The constants li. . . . , /12 will be divergent: their divergence is to be adjusted so that it cancels 
the one loop divergences generated by >Cch.i- The theory will, therefore, predict the coefficients of 
terms of type p^logp^ /v'^ , with v a renormalization scale (and, when we take into account leading 
symmetry breaking by the pion mass, also terms in /x^ and p^^i^ multiplied by either logp^/z/^ 
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or log jj.^ /v^). However, the finite parts of the constants h, . . . , h2 are not given by the theory. 
In fact, what one does is to fix these constants by requiring agreement of tlic predictions using 
^ch.i, with experiment. Chiral dynamics does not allow an evaluation from first principles of 
corrections of order p^. What it does is to correlate these corrections to all processes in terms of a 
finite number of constants, the Zi, . . . , h2- 

In principle one can extend this procedure to higher orders and, indeed, the 0{p^) corrections 
have been considered in the literature, but we will not discuss this in any detail here. Not only the 
number of constants to be fitted to experiment grows out of hand, but it is practically impossible 
to separate the 0{p'^) and 0{p^) pieces of the ^i, . . ., as we will see in some examples later. More 
interesting is to take into account the corrections due to the nonzero masses of the u, d quarks (or, 
equivalently, of the pions) to which we now turn. 

9.3.3. Finite pion mass corrections 

Because the mass of the pion will appear in pion propagator denominators, 1 / {p^ — ji'^) , a consistent 
way to treat the finiteness of the pion mass requires that we consider p"^ and /x^ to be of the same 
order of magnitude, and calculate to all orders in their ratio; otherwise we would be replacing 

by + ^ + ^ 



p-^ — At^ I M'^ M'* 

not a very accurate procedure. 

To leading order we have to find the lowest order terms that can be added to >Cch.i and which 
contain sq; we recall that sq included the quark masses. There is only one such term that also 
preserves parity. Constant x (sQcpo The constant may be identified requiring that the new 

term reproduce the equality (9.2.4) for the pion propagator. We then have the full C\, correct to 

0(p2), 0(/*2), 

Ci = £ch.i + 2Bf {soipo+p0) , (9.3.11a) 
which corresponds to the pion mass 

IJ."^ = {mu+md)B. (9.3.11b) 

To next order, 

A = + ^^{hiUVA)^ + UV^U^^,(pA + hiriA^A? + hiUU + h^rjAriA}- (9.3.12a) 
We have defined 

Co = 2Sso, i=2Bp; r]o ^ 2Bpo, fj ^ -2Bs (9.3.12b) 

and >Cch.i, are as given in (9.3.8), (9.3.10). 

For reference, we note the correspondence between our definitions and those of Gasser and 
Leutwyler (1984): 

t^A = y Va, = y ^ 7 (9.3.13) 



Akhoury and Alfakih (1991); Fearing and Scherer (1996); Knecht et al. (1995, 1996); Bijnens et al. (1996); 
Bijnens, Colangelo and Eder (2000). 
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9.3.4. Renormalized effective theory 

Renormalization for the one loop graphs generated by £i proceeds in the usual manner. The 
divergences, as stated in the previous subsection, can be canceled by divergent pieces in the li, hj. 
One finds (Gasser and Leutwyler, 1984, where the Ci are denoted by ji and the dj by 6j) 



k = 1^°"- (^) = 3^2 { ^ + log - (log 47r - 7E + 1) } , 

h, = hf^-i.) = + log.2 - (log 4. - 7E + 1)} 



(9.3.14a) 



u is the renormalization point and 



ci=i, C2 = |, C3 = -i, C4 = 2, C5 = -i, ce = l, C7 = 0; (9.3.14b) 

rfi =2, d2 = di = 0. 

The renormalized constants ip"' may be obtained by comparing with experimental quantities. 
They depend on the renormalization point, v. Alternatively, one may replace them by the quantities 

li, defined as (proportional to) the /p" (z/) with u = /ich. • (Here we denote by /ich. to the pion mass 
in the leading order in chiral synnnetry breaking, that is to say, using (9.3.11b) but evaluating 
B = —{qq)/f in the chiral limit). Then, we have 

'^^^"■(^) = 3l^{^"^+^°S^}- 

We remark that this implies that the li are divergent in the chiral limit, as we are renormalizing 
at = jich. which vanishes in this limit: 

- - log Mch. • 

We can now compare the results of calculations made with Ci and £2 with experimental 
quantities, and obtain the li. As an example we consider nn scattering. If we use the full £1 and 
£2 we obtain, after a straightforward but tedious calculation (Gasser and Leutwyler, 1984) 

1 

4^2 

where now 2 

A{s, t, u) = ^^y^ + B{s, t, u) + C{s, t, u). (9.3.15b) 
/ 

Here B, C are, respectively, the logarithmic and polynomial fourth order corrections: 



F{i+j^k + l)^ -j^ {%(5fc;A(s, u) + ^ikbjiA{t, s, u) + 6ii6jkA{u, t, s)} (9.3.15a) 



+ [t{t -u)- 2n^t + iii^u - 2/] I{t) 
+ [u{u -t)- 2iJ,^u + AfiH - I(u) I ; 

J(s)=/3 log 1^ + 2, P^^l- 4nlJs; 



(9.3.16a) 



^^The hj depend on the renormalization scheme and, in fact, do not intervene in any physical observable. 
This is discussed in Gasser and Leutwyler, 1984. 
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+ (^2 - I) [s^ + {t- uf] - 12i?s + 15/^4 I. 



2^2 

(9.3.16b) 



The expression for B in the chiral hmit (/i = 0) has been known for a long time (Lehmann, 1972). 
To leading order B, C ^ 0, fi ^ 0, and (9.3.15) of course reproduces (9.2.1). 

The extension to SU{3) (i.e., including kaons and r]) may be found, for chiral perturbation 
theory, in Gasser and Leutwyler (1985a); for tttt scattering in Bernard, Kaiser and Meissner (1991) 
for some cases and, in general, in the paper of Gomez-Nicola and Pelaez (2002). 

9.3.5. The parameters of chiral perturbation theory 

To one loop, the tttt scattering amplitude depends on the two unknown constants li, I2 (besides, of 
course, and M^). A technical point to be cleared is that, in the amplitude A in Eq. (9.3.15b), 
we have the quantities / and Hch. which we have to relate to the physical ones. The details may be 
found again in the paper of Gasser and Leutwyler (1984); we have, writing as usual^^ our results 
in terms of 

M^ = l,l^(l--^k}, U^f{l + J%-lA. (9.3.17) 



Thus, F in (9.3.15) depends also indirectly on the constants h^, I4. We can, however, obtain directly 
h, h by selecting an observable that depends only on second order effects. Such observables are 
the D waves at low energy: 

AD ^ js-AMlf (,) 

/2 - ^^^TrCa , 

and / = 0, 2 is the isospin index. Because this vanishes (for M^r — 0) as — p^, the contributions 
to them start at second order and we find 



M. 



(9.3.18) 

,(2) 



ah = 



14407r3/4 



We can also improve our previous determination of the scattering lengths; for example, for the 
S and P waves, including pion mass and 0{p^) terms gives 



(0)_7M^r 5M|^ 3,-,21T,21]\ 

-32^\^+84;^^^'^+^^'~8'' + ^^' + ^J/ 



(9.3.19a) 



^*In the limit in which we forget isospin breaking interactions, one would have \x = M-^. Gasser and 

Leutwyler, and, following them, most modern authors, take as the starting point from which to 
perturb with isospin breaking interactions, instead of using -as would appear more natural- /Lt as the 
starting point. As stated several times, we follow this custom when giving numerical results, for ease of 
comparison with other calculations. 
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Note that we here use the definition (cf. (3.1.7, (7.5.3)) 

This may be compared with the standard effective range expansion: 

e'+^cotSUs) ^ -^ + irofc2 + 0(fc^). 

The connection between the corresponding parameters af |g.&l.: &f Ig.&l. of Gasser and Leutwyler 

(1984) and our a| \ \ and also with ro and with the parameters i'f |p.s-g.y. of Palou, Sanchez- 
Gomez and Yndurain (1975) is 

a[|G.^L. = M^aP, 46[|p.^.Y. = 6[|g.^l. = b['^ = 4'^^-^^^^. 

For the parameters bf^ one loop chiral perturbation theory gives 
(0) r. Ml Ml 



ui2)_ M-if M^ 51+^'/ 



(9.3.20a) 



&i = ^^^{-^i+^2 + ^}. (9.3.20b) 

The values of the Uq, bo given above imply that the S waves with isospin / have a zero each, 
for s = z| in the range < s < 4M^, located at 

4 = 4MJ - M 1 1 + [k + 26 - ff. + f ] 

4=4Mj-2Mj{l + ^r3 + ^[fe + i]}. 

These zeros are often called Adler zeros, after the work of Adler (1965) on zeros of scattering 
amplitudes implied by PCAC. It should be clear, however, that while the location of Z2 is probably 
well described by (9.3.21), there is no reason why the same should be the case for zq. Indeed, to 
get this last, we have used the expansion of Z/^-* for s = — ^M'^ were, due to the vicinity of 

the left hand cut of /o°''(s), starting at s = 0, we would expect it to give a poor approximation. 
Actually, while fits to data do confirm Z2 (Subsect. 6.4.1), the situation is less clear for zq- 
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9.4. Comparison of chiral perturbation theory to one loop 
with experiment 

9.4.1. One loop coupling constants, and tttt scattering and the electromagnetic 
form factor of the pion 



Using the experimental values of the quantities evaluated in Chapters 6,7, and others as well, we 
can find the constants li. In fact, there are many more observables than constants; for example, 
a^^ , a'^^ and bi depend only on the two h, l2- So the agreement of various determinations among 
themselves is a nontrivial check of second order chiral perturbation theory. 

We collect here some recently obtained values of the constants k; the reader interested in the 
details of the calculations should consult the original papers. We have, from Bijnens, Colangelo 
and Talavera (1998) and Colangelo, Gasser and Leutwyler (2001), 

[1=- 0.4 ±0.6, Fa = 6.0 ±1.3, [3 = 2.9 ±2.4, r4 = 4.4±0.2 (CGL); ^ 
k = 13.0 ± 1.0, Iq = 16 ± 1 (BCT). ^ ' ' ' 

The value of is not known with any accuracy; an estimate for it is r7 ~ 5 x 10~^ (Gasser and 
Leutwyler, 1984). 

Actually, the determinations in (9.4.1) include estimates of two loop effects. One should however 

remember that, as discussed in Sect. 7.6, the calculations of Colangelo, Gasser and Leutwyler (2001) 
of TTTT scattering -on which their estimates of several of the li are based- are biased by up to 2 
standard deviations, and their errors are underestimated by a factor between 1.5 and 2. Something 
similar happens for I4: see Subsect. 9.4.2 below. This should affect the numbers in (9.4.1). 

Some of these constants can be calculated independently with greater accuracy (but only at the 
one loop level) using the results reported in Sect. 7.6 (cf. Table III) here. So, from the combination 
ao+ = 5[<*2°^ ~ <^2^']) that we evaluated very precisely, there follows the value 

[2 = 5.97 ±0.07. (9.4.2a) 

Likewise, the constant h can be deduced from the value of aoo = ^[^'2^ + '^a'^^] that follows from 
the Proissart-Gribov representation for tt^tt", and the value of I2. We find 

/"i = -1.47 ±0.24, (9.4.2b) 

somewhat larger in magnitude than the value given in (9.4.1). 

Use of the quadratic charge radius of the pion as input (see Eq. (9.4.5) below) allows us to get 
also an accurate evaluation of Iq: 

k = 16.35 ± 0.14, (9.4.2d) 
which, in turn, implies a slightly more precise value for I5: 

h = 13.7 ± 0.7, (9.4.2e) 



^^Tlie tests are less impressive than wliat they may look at first sight. In fact, chiral perturbation theory 
is just a (very convenient) way to summarize properties that hold in any local field theory: analytic- 
ity, crossing and unitarity, plus the dynamical properties embodied in the constants /x, ^J. and the U. 
Thus for example, by comparing the r.h. sides of the Olsson sum rule (7.4.8) and the Proissart-Gribov 
representation for ai, (7.5.4), we discover that, in any local field theory we must have the equality 
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Our improvements, however, may be challenged because of the possible contributions of two 
loop corrections, that we have not taken into account, and of electromagnetic corrections, that may 
be important. For the second, see next section for a discussion of a few examples. As for higher 
order ch.p..t corrections, we will say a few words at the end of Subsect. 9.4.3. 

In what respects S and P waves scattering lengths and effective range parameters, substituting 
the li into (9.3.19) we find the one-loop chiral perturbation theory predictions: in units of M„, 

= (0.207 ± 0.003), = (-0.043 ± 0.002), ai = (38.0 ± 0.4) x 10"^; ^ 

b^°^ = (0.255 ± 0.003), 6^,°^ = (-0.076 ± 0.001), h = (4.69 ± 0.14) x 10"^. 

In the calculation we have used the values of the k in (9.4.2) and (9.4.12) below in preference to 
those of (9.4.1), when possible. 

The predictions for the a^Q \ \ i^i agreement with the experimental values we found 

before (Table II, Subsect. 7.6.2); the value of aQ*^^ in (9.4.3) indicates that the higher order correction 
(two loop or otherwise) for this quantity must be relatively large. The value of the P wave scattering 
length in (9.4.3) is also compatible with the result of the direct fit, ai = (38.6 ± 1.2) x 10~^ 
It is also compatible with the results of other authors: 

{(37.9 ± 0.5) X 10"^ M-^ (Colangelo, Gasser and Leutwyler, 2001) 
(37.2 ± 2) X IQ-^ M-^ (Ananthanarayan et al., 2001) 
(38.0 ± 2) X 10-3 (Amoros, Bijnens and Talavera, 2000). 

We also note, as consistency tests, that the value of I4 that follows from ai, via Eq. (9.3.19b), 
is compatible, within the rather large error, with (9.4.1a), as one gets I4 = 5.5 ± 2.0, and that bi 
would yield a number for I2 — h compatible (also within errors) with what we found before. In 
what respects to 61, however, a better, nontrivial consistency test is obtained by eliminating li, I2 
between (9.3.19a), (9.3.20b). We find the relation 



bi = I [3ao+ - aoo] + (^ + ^) 288 J f^M^ ' ^^'^-^^^ 



2887r3/^M^ 

in which some of the larger higher order corrections cancel and, moreover, the r.h.s. is dominated 
by 00+, which is known accurately. This gives, using the PY values for the aoo, 00+ described in 
Table III (Subsect. 7.6.3), 

61 = (4.68 ± 0.20) X IQ-^ M-^ (9.4.6b) 

in excellent agreement with the value deduced from the electromagnetic form factor of the pion 
(see again Table III), 61 = (4.47 ± 0.27) x 10"^ M'^. 

The very precise calculation of the pion form factor possible with the Omnes-Muskhelishvili 
techniques also allows a direct determination of a second order (two loop) parameter. Accord- 
ing to Gasser and Meissner (1991), Colangelo, Finkelmeir and Urech (1996), and Fearing and 
Scherer (1966), one has 

= l6^ {50^ + T^^4 ■ ^^-^-^^^ 

With the value = 3.60 ± 0.03 GeV^^ given in de Troconiz and Yndurain (2002), this implies 

h = 5.520 ± 0.056. (9.4.5b) 
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Note, however, that this result is purely formal; indeed, the nominally leading term (1/60M^) is in 
fact smaller than the nominally second order one, /2/(167r^/^). This shows clearly the limitations 
of chiral perturbation theory. 

Another example is the charge radius of the pion, for which one has, to second order (Gasser 
and Meissner, 1991, and Colangelo, Finkelmeir and Urech, 1996), 



(rl) 



1 



167r2/^ 



Ml 



16772/- 



r/i 



(9.4.6) 



Here the two loop term is smaller than the leading one, for reasonable values of /i, but perhaps 

not totally negligible, given the accuracy of the experimental result for (r^). The value of given 
above was obtained neglecting /i; a value of this quantity of the order of /2 would alter by 1%, 
a variation slightly larger than the nominal error in (9. 4. 2d). 

It is also possible to give a prediction, based on chiral perturbation theory and the Froissart- 
Gribov representation, for scattering lengths for large I. We will give some details for the amplitude 
for isospin 1 in the t channel, 

p(h = l) ^ l_p(/==0) , l^(/, = l) _ 5_p(/3=2)_ 
3 2 6 * 

The corresponding scattering lengths are given by Eq. (7.5.4), 



x/^r(z + i) 



J if, 



ds 



ImF(-f*=i)(s,4M2) 



AM^r{l + 3/2) J^M- s'+i 



and the factor 2 in the l.h. side is due to the identity of the pions. As I 
of ImF(^'=i)(s,4M2) near threshold matters; hence we can replace 

ImF(-^*=^^(s,4M^) ~ilmF('f^=°) - | ImF(-^<'=2) 

2si/2 



00, only the behaviour 



~2 X 
~2 X 



25^2 

Trk 



(9.4.7) 



The factor 2 in the r.h. side also comes from the identity of the pions. Replacing the a^^ by their 
values at leading order in chiral perturbation theory, Eq. (9.3.19), we find that we can approximate 



ImF(^*=i)(s,4M2) ~ 2 



5127r3/4 • 

Substituting into the Proissart-Gribov representation, and performing the integral we get the result 

13M3-2' r{i + i)r{i - 1) 13M3-2' 



(1) 
a) ~ 



"oo 2 X 4'+57r2/4 r{l + 3/2)r(/ + 1/2) z-oo 2 x 



(9.4.8a) 



and, in the last step, we have used the asymptotic properties of the gamma function and replaced 
ji by The same method gives a prediction for even waves; for example, for 7 = we have. 



,(0) 



23M3 



-21 



roo2x4'+57r2/2/4- 



(9.4.8b) 
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Gasser and Leutwyler (1983) have produced a formula for all scattering lengths with 7 = 1 to 
leading order in chiral perturbation theory that is exact (and not only valid for I — > oo), based on 
a direct calculation. They give the expression, valid for I > 3, 

°™<'^- -^■>'S^r: PTW + " - 

If, in (9.4.9), we replace (21 + 1)!! = r{2l + 2)/2^r{l + 1) and use the duplication formula of the 
gamma function we find 

a^p{G. - L.) = ^3^''"' r(^ + i)r(;-i) 



2 X Ai+^TT^f^ r{l + i/2)r{l + 1/2) {I - 2){l + 1/2) 
5 22 



X 1 + 



13/ 13/2 



which, as I oo, agrees with (9.4.7a). 

The calculation using leading order chiral perturbation theory yields the figure 03 = 1.8 x 
10~^ M~'' . Prom the Proissart-Gribov representation we found in Sect. 7.6 results ranging between 
5.4 and 6.7, in units of 10^"'' ^tT^- ^ large disagreement (a factor of 3 to 4) is thus found between the 
leading chiral perturbation result and the resiilts based on experiment. It is not clear to the present 
author which is the reason for this disagreement; in fact, as far as I know, the Gasser-Leutwyler 
result in Eq. (9.4.9) has not been checked by an independent calculation. 

For / = 4, our expression (9.4.7b) gives af^ = 1.4 x 10^^ while the "experimental" value 
(from the Proissart-Gribov representation) is (0.8 ± 0.2) x 10^^ M^^. The disagreement for as, 
and the difference between the two values for a'^\ show that, in some cases, the corrections due to 
subleading effects in chiral perturbation theory may be very large: for the quantity 03 , two to three 
times the nominally leading term. This is not surprising; as is clear in our derivation, the value we 
obtain depends on the square of the S wave scattering lengths, for which one loop corrections are 
at least of 25%. 

9.4.2. The scalar form factor of the pion 

For the scalar form factor of the pion, defined in (7.2.5), chiral perturbation theory gives^^ 

2 



W)="j{l-3^(f3-l)} 



(9.4.9) 



It is also possible to give a formula for the quadratic scalar radius in terms of observable quantities 



^^Two loop evaluations of the scalar radii may be found in Gasser and Meifiner (1991) and Prink, Kubis 
and Meifiner (2002). 



- 133- 



-CHAPTER 9- 



(Gasser and Leutwyler, 1985b): 



1 1 I 771^ TTl^ 



.2(m^^-M^)(lO + i^ 



and = 547 MeV. The same authors give also a formula for the mixed kaon-pion radius, defined 
by 

{iT{p)\{m,-mu)usmK{p'))^^jKAO){^ + -e{rlK.)t} : 

^2 = - |l5/..(M^M?,) + ^^^^h^H/ml) - 18| , (9.4.10b) 

Prom these formulas follow the values, respectively, 

(r|^)GL = 0.55 ± 0.15 fm^ (9.4.11a) 



Jgl = 0.20 ± 0.05 fm^ (9.4.11b) 

The value for the first that we obtained from experiment in Eq. (7.2.17), (j'g ^) = 0.75 ± 
0.07 fm^ and the one for the second following from Ki^ decays, (rg = 0.31 ± 0.06 fm , are 
therefore about 2a above the chiral theory prediction to one loop, Eqs. (9.4.11). This indicates 
that two loop corrections may be important for the relations (9.4.10). If we neglect them, however, 
we get a very precise value for the constant l^: 

[4 = 5.4 ±0.5, (9.4.12) 

a number substantially larger than that given in (9.4.1) which, unfortunately, is based partially on 
the evaluation of Donoghue, Gasser and Leutwyler (1990) which, as discussed in Yndurain (2003a) 
is not quite reliable within its estimated errors. 



^See e.g. Yndurain (2003) for details. 
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9.4.3. Summary of ch.p.t. predictions for tttt scattering 



We will now present a summary of the two previous subsections. We will use the improved values 
of the li parameters we have obtained, to one loop: 

h = - 1.47 ± 0.24, h = 5.97 ± 0.07, k = 2.9 ± 2.4, 

- _ ' 9.4.13a 

/4= 5.4 ±0.5, ^5 = 13.7 ±0.7, = 16.35 ± 0.14. ^ ' 

(Actually, only the first four fj enter for tttt scattering). With this, we may evaluate the low energy 
TTTT parameters, and we find the values of Table IV: 



Quantity 


Exp. value (PY) 


1 loop ch.p.t. 


(0) 

% 


0.230 ±0.010 


0.207 ±0.003 [0.157] 


(2) 
% 


-0.0422 ± 0.0022 


-0.043 ± 0.002 [-0.045] 


"o 


0.268 ±0.010 


0.255 ± 0.003 [0.179] 


^(2) 


-0.071 ± 0.004 


-0.076 ± 0.001 [-0.089] 


ai 


(38.3 ± 0.8) X 10"^ 


(38.0 ± 0.04) X 10"^ [33.6] 


bi 


(4.56 ±0.26) X 10"^ 


(4.69 ±0.14) X 10"^ 


(0) 
0-2 


(18.0 ±0.2) X 10"" 


input 


(2) 
^2 


(2.2 ±0.2) X 10"" 


input 




0.77 ± 0.07 fm^ 


input 



Comparison of evaluations of low energy parameters from experiment, and from one loop chiral perturbation 
theory. The experimental numbers for tttt scattering are taken from the Pelaez-Yndurain tttt amplitudes in 
Tables II, III; (rg^^) is as given in Eq. (7.2.17). The values of ai, bi have been (very slightly) improved by 
compounding the independent determinations from the pion form factor, and from the Proissart-Gribov 
representation. In brackets: the quantities to leading order. 

Table IV 



Except for Oq , and a little for , the agreement is perfect, so no there is no need of two 
loop corrections at the present level of accuracy for the remaining low energy parameters. For 
both ag°^ and 6g°^ already the one loop corrections are quite large, so we expect also large two 
loop corrections, just by renormalization group arguments (Colangelo, 1995). In fact, a detailed 
estimate for Gq'^ (Bijnens et al., 1996) gives 

h loop 4°^ = 0.017 ± 0.002 

which brings the ch.p.t. value of ag'^ to 

4°' = 0.224 ± 0.003 [inch two loop], 

well inside the experimental error bars. 
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9.5. Weak and electromagnetic interactions. 
The accuracy of chiral perturbative calculations 

Weak and electromagnetic interactions, at tree level, can be introduced hy making the stan- 
dard minimal replacement in the covaxiant derivatives; for e.g., electromagnetic interactions, 
— > Vju — eAf^. In this way one can calculate chiral dynamics values of quantities like the 
pion electromagnetic form factor, or strong interactions corrections to weak decays. Another mat- 
ter are virtual electromagnetic corrections. These break chiral invariance, and can be large. For 
example, the 7r+ — tt" mass difference is of order (m^ — m„)^ in chiral perturbation theory; the 
corresponding calculation yields a very small number, 

ml+ -mlo = (md-muf'^^^T^, B = -{qq)/f 

J 77 

which would give — m^o ~ 0.2 MeV . However, the experimental value is mT^+ — m^o = 4.6 MeV. 
In this case one can tisc current algebra techniques to estimate the electromagnetic contribution, 
which is indeed of the right order of magnitude (Das, Mathur and Okubo, 1967), but in general 
this is not possible; we expect (generally unknown) electromagnetic corrections of something up 
to this order of magnitude, ^ 3.4%, to chiral perturbation theory calculations. 

A case in which the electromagnetic corrections to the constants li is known is that of Iq. The 
value reported in (9. 4. 2d) above is actually an average of those obtained from the charge radii of the 
pion with and TT+TT . If we use only the last (associated with the p°), hence the parameters 

of (6.3.5c), we find instead 

?6 = 16.07 ±0.18. (9.5.1) 
The difference between the two, a 1.5%, is the minimum extra error due to electromagnetic correc- 
tions that we should append to all the determinations of chiral perturbation theory parameters. 

A place where isospin violation corrections are potentially large are the scattering lengths. 
If we repeat the fits of de Troconiz and Yndurain (2002) without imposing the constraint a\ = 
(38 ± 3) X 10~^ -A^tT^) S'lid fit separately tt+tt^ and r decay data we find the numbers, 

ai(7r+7r-) = (37 ± 3) x lO^^ M^^, 

ai(7r+7r°) = (43 ± 3) x lO^^^ M^'l 

The two values overlap, but only barely; a difference of the order of 3 x 10^^ (in units of M^) 
cannot be excluded. 

Another question is the scale of higher corrections in chiral perturbation theory. For the log- 
arithmic corrections we know that this scale is l/(47r/,r)'^, so for energies of the order of we 
expect corrections 0(M^/(47r/7r)-^) 1.4%. However, this estimate forgets the constant contri- 
butions to the li- There is no reason why they should be suppressed by powers of l/(47r/7r)^; all 
we can expect is a suppression of order 0(M^/ylQ), with Aq proportional to the QCD parameter 
A ^ 400 MeV (for 2 or 3 flavours). In some cases the coefficients of these terms will be small; in 
other they may be large. This last situation occurs for example for the SO wave in tttt scattering, 
where the correction necessary to get agreement between the leading value obtained from chiral 
dynamics, Gq'^ = 0.16 M^^, with the experimental values which vary between a^^^ ~ 0.24M^^ and 
ao°' ~ 0.21 is at least a third of the leading one.®^ 

This possibility is particularly relevant in view of the doubts expressed by other researches on some 
aspects of chiral perturbation theory; see, for example, Fuchs, Sazdjian and Stern (1991); Knecht et 
al. (1996). 
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In this context, we would like to emphasize that the situation is even worse for the quantities 
as, c,r) for which the leading order calculations miss the experimental values by a factor ^ 3. 

In some cases the size of the corrections may be gleaned from external arguments. For example, 
for the isospin zero S-wave in tttt scattering, chiral dynamics implies that its imaginary part should 
be suppressed with respect to the real part, at energy squared s, by powers s/Aq. However, already 
at s^/^ = 500 MeV, i.e., only 200 MeV above threshold, real and imaginary part are of the same 
order of magnitude; so, we would expect poor convergence in this CclSG 5 clS indeed happens. 
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Appendix A: Summary of low energy, s^/^ < 1.42 GeV partial waves 
A.l. The S wave with isospin zero below 960 MeV 

We impose the Adler zero at s = ^M^^ (no attempt is made to vary this), and a resonance with 
mass a free parameter. We write 

cot do {S}- 2^ ^_1^^2 ^2 ns), (Alj 

and 

^{s) = y2Bnwisr; = so=4m?,; (A.2) 

we have taken = 0.496 GeV. We will fit the phases that follow from K14 decays, with the P 
wave as given below. We include in the fit the value 6q^\m^) — 43.3 ± 2.3° , as discussed in the 
text. Finally, in the region^^ where s^/^ is between 0.81 GeV and 0.98 GeV, we also include some 
phases of Protopopescu et al. (1973), and of the s-wave solutions of Estabrooks and Martin (1974), 
as given in Subsect. 6.4.2. 

Solution B2. If we take two parameters in (A. 4a) we find what we call solution 2B, 

y2 15.7 (A.3) 

So =21.04, Bi = 6.62, = 782 ± 24 MeV; = ——; ^ ' 

d.o.f. 19 — 3 

a-Q^ = (0.230 ± 0.010) x M^^ 4°^(Mk) = 41.0° ± 2.1° ; 

this fit we take to be valid for s^/^ < 0.96 GeV. Uncorrelated errors are obtained if replacing the 
Bi by the parameters x, y with 

Bo^y-x; Bi = 6.62 - 2.59a;; y = 21.04 ± 0.75, x = ± 2.4. (A.4a) 

The corresponding phase shift is shown in Fig. 6.4.3 in the main text. 



^This is the energy region in which most experimental phase shifts agree one with the other, within errors. 
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Figure A.l. The SO phase shifts and inelasticities correspond- 
ing to Eqs. (A. 4), (A. 6). Also shown are the experimental points 
included in the fits. 



Solution B3. With three parameters a new minimum {solution 3B) appears: 



cot4°^(s) 



sV2 m2 



2k 8-\M^ M2 



-DO + -Dl / 



Bo 



- - s 



n 2' 



sj/' = 2Mk; xVd.o.f. = 11.1/(19 - 4). 
= 806 ± 21, So = 21.91 ± 0.62, Bi = 20.29 ± 1.55, B2 = 22.53 ± 3.48; 

= (0.226 ± 0.015) M-\ 



(A.5) 



The central values in (A.5) are something between (A. 4) and the solution of Colangelo, Gasser and 
Leutwyler (2001), which it comprises. 

A.2. The / = S wave between 960 MeV and 1420 MeV 

We here present a semi-phenomenological fit to 5g°' and 77q°\ as discussed in the main text. We 
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write 



cot (S) = Co ^2gl/2 -fcT ' ^2 = 2 ^^-^^^ 

f 2 



and 

.(0) _ 1 / . '*^2 . ^ 



= 1 - + C2-^ — ^. (A.6b) 



In the first, cq and Afo- are free parameters and we fix Mf = 1320 MeV. In (A. 6b), tfie free 
parameters are ci, C2 and we adjust M' to the inelasticity of Hyams et al. on the /o(1370). For the 
selection of data points, see the main text, subsect 6.4.3. We find, 

Co = 1.36 ± 0.05, M„ = 802 ± 11 MeV, M' = 1500 MeV; ^ - 



d.o.f. 14-2' (A.6c) 
ci= 6.7 ±0.17, C2 = -17.6 ±0.8; xVd-o.f. = 7.7/(8 - 2). 

The errors for co, M„ correspond to three standard deviations, since we have a /d.o.f. ~ 3. The 

value of M„ coincides, grosso modo, with what we found below KK threshold. 

The qualitative features of the fits to the SO wave in the whole range s^^^ < 1.42 GeV may be 
seen in Fig. A.l. 

A. 3. Parametrization of the S wave for 1 — 2 



As discussed in the main text, we consider three sets of experimental data. The first corresponds 
to solution A in the paper by Hoogland et al. (1977), who use the reaction n^p — > n^n^n; the set 
from the work of Losty et al. (1974), who analyze instead ir'p — > 7r~7r~ A; and the set of Cohen et 
al. (1973), obtained fron pion-deuteron scattering (which, however, were not included in the fit). 
We will not consider the so-called solution B in the paper of Hoogland et al. 

For isospin 2, there is no low energy resonance, but /q ' (s) presents the feature that a zero is 
expected (and, indeed, confirmed by the fits) in the region < s < AM^. This zero of fo^\s) is 
related to the so-called Adler zeros and, to lowest order in chiral perturbation theory, occurs at 
s — with Z2 — Mjr. In view of this, we extract the zero and write 

cot 5f\s) = ^ {Bo + B^w{s)} . 

The inelasticity of mr scattering in this channel, say tt^'^^tt^, is very small until one crosses the 
p±fi p± threshold. In our calculations we will take Sq^^ = 1.45 GeV for the effective opening of the 
inelastic channels. 

We can improve on the quality of the results by requiring, simultaneously with the fit to the 
data, fulfillment of the Olsson sum rule, within the errors produced by the remaining waves. If 
moreover we fix Z2 = M^, and include all experimental data of Losty et al. and Hoogland et al., 
solution A, (up to s^^ = 1350 MeV) in the fit we find 



cot (^) - 4g ^ I i^o + ^1 ^ ~ ^ I 
= 1.45 GeV; xVd-o.f. = 17.2/(19 - 2). 



(A. 7a) 

Bo= - 118 ± 2.5, Bi = -105 ± 2.5, Z2 = 139.57 MeV [fixed]. 
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Then one has = -0.0422 ± 0.0022. 

The inelasticity may be obtained fitting the data of Cohen et al. (1973) and Losty et al. (1974). 
One finds 

^ 1 _ c (1 - M'^^lsf'^ ; Meff = 0.96 GeV, c = 0.28 ± 0.12, (A.7b) 

which is vahd for s^/'^ > 0.96 GeV. The plot of i5q^^ may be seen in Fig. 7.6.2 in the main text. We 
will take (A.7) to be valid up to 1.42 GeV. 



A.4. The P wave below 1 GeV 



We will consider first the P wave for tttt scattering for energies below the region were the inelasticity 
reaches the 2% level: say, below Sq = 1.1 GeV'^. We will neglect for the moment isospin invaxiance 
violations Awe to cm. interactions or the mass difference of the w, d quarks. 

The best values for our parameters are actually obtained from fits to the pion form factor. If 
we take systematic normalization errors into account, but neglect isospin violation, we find 

cot = ^ {Ml - s) \b, + ^ - 



and 



sl'"^ = 1.05 GeV; xVd-o.f. = 227/(209 - 3). (A.8a) 
Mp = 773.5 ± 0.85 MeV, Bq = 1.071 ± 0.007, Bi = 0.18 ± 0.05. 
< 1.0 GeV] 

ai = (38.6 ± 1.2) X lO'^ M-^ h = (4.47 ± 0.29) x 10"^ M-^ 
=145.5 ±1.1 MeV. 

Although the values of the experimental tttt phase shifts were not included in the fit, the phase 
shifts that (A. 8) implies are en very good agreement with them, as shown in Fig. 6.3.2. 

Eqs. (A. 8) above were evaluated with an average of information on F„{t) from the two channels 
that contain the / = 1 P wave, that is, tt+tt^ (dominated by the p'^) and tt'^tt^ , dominated by the 

Experimentally the first are obtained from processes e+e~ — > tt+tt^, ttc — > we; the second from 
the decays r — > I'r'^^'^'^- The values of the parameters for a pure p° (tt+tt") are slightly different. 
Including systematic errors in the analysis we would find 

Bo =1.065 ±0.007, Bi = 0.17 ±0.05, M„o = 773.1 ± 0.6, 

(A. 8b) 

Fpo =147.4 ± 1.0 MeV; ^ ^ 

Gi, bi do not change appreciably. 



A.5. The P wave for 1 GeV < s^/^ < 1.42 GeV 



For the imaginary part of the P wave between 1 GeV and 1.42 GeV we use an empirical formula, 
obtained adding a resonance (with mass 1.45 GeV) to a nonresonant background: 

1 6 



BR- 



(s - M2 )2 + M2 r2 k/k{Ml, 



(A.9) 



[1.0 < < 1.42 GeV] Mp, = 1.45 GeV, T = 0.31 GeV, A = 2.6 ± 0.2. 



- 142 - 



-APPENDICES- 



The parameters of the p(1450) are poorly known. We have taken BR = 0.25 ± 0.05, but the error 
could well be twice as large. 

A. 6. Parametrization of the D wave for 7 = 

The D wave with isospin in tttt scattering presents a resonance below 1.42 GeV: the /2(1270), 
that we will denote simply by /2. Experimentally, J/2 = 185 ± 4 GeV. The /2 couples mostly to 

1 /2 

tttt; to a 15% accuracy we may neglect inelasticity up to Sq' = 1.43 GeV. 

We will first fit data on 6^2^ altogether neglecting inelasticity, which we will then add by hand. 
The data are scanty, and of poor quality. The phase shifts of Protopopescu et al. (1973) cover 
only the range 810 < s^^^ < 1150 MeV, and are incompatible with those of the Cern-Munich 
experiment, that we take as given in the s-cliannel solution of Estabrooks and Martin (1974).®^ 
We impose in the fit the scattering length, as obtained from the Proissart-Gribov representation, 
and the experimental width of the : 



4°^ = (18.1 ± 0.4) X 10"* X M-^ Ff^ = 185 ± 4 GeV . 



We write 



and 



We find. 



1/2 

cotjf (s) = ^ {Ml - s) V(s), ^(s) =Bo + Biw{s) (A.lOa) 
w{s) = So = 1430 MeV; M^ = 1275 A MeV . 

^/s + VSO — S 

^ -74/(21-2), Bo =22.4 ±0.1, = 23.3 ± 3.0; 



d.o.f. 

The very poor x^/d.o.f . is obviously due to the strong bias of the data of Protopopescu et al. (1973), 
clearly seen in Fig. 6.4.2 in the main text. Above values of the Bi would give Ff^ — 196 ± 6 MeV. 
We will then take this solution up to KK threshold; on it, we join the solution to a new one, for 
which we impose the /2 width; we get 

Bo = 22.5 ±0.1, Bi = 28.5 ±3.2. 

Therefore, we have 



,22.4±0.1, s<AMl,_ r23.3±3.0, s < 4Mi, , . 

22.5 ±0.1, s>4Mi ' - \ 28.5 ± 3.2, s > 4Mi. 



We take into account the inelasticity by writing 

r 1, s< AMI; 

4'\s) = <^ 1 _ 2 X 7-^^, = 0.131 ± 0.015, s > AMj,. (^-^O^) 
[ ^ k2{Ml) ^ 



^^We take only the values of the phase shifts of these authors at the energies 0.63, 0.71, 0.75, 0.79, 0.83, 
0.87 and 0.91 GeV. Since they do not give errors for their numbers, we arbitrarily take a common error 
of 10%. 
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^2 = a/ s/4 — Mj^. We have fixed the coefficient e/ fitting the inelasticities of Protopopescu et al., 
and the experimental inelasticity of the /2; the overall X'^/d-o.f. of this fit is ^ 1.8. This para- 
metrization is different from the corresponding formula used in Pelaez and Yndurain (2003) and, 
probably, more exact, although the influence of the change in the various sum rules is negligible. 
For example, the Olsson integral has only increased by 0.002 by using the formulas given here. 
The fit returns the values 

= (18.4 ± 7.6) X IQ-^ M'^ 6^ = {-l.dtfl,) x 10"^ M'^ 
Tj, = 185 ± 5 MeV . 



A. 7. Parametrization of the D wave for 1 — 2 



For isospin equal 2, there are no resonances in the D wave. If we want a parametrization that 
applies down to threshold, we must incorporate the zero of the corresponding phase shift. So we 
write 

c<.t4«W = ^lB. + B,»Wlj^^;j-|^^ (A.lla) 
with A a free parameter and 

w{s) = so = 1450 MeV . 

y/s + y/So - S 

Moreover, we impose the value for the scattering length that follows from the Froissart-Gribov 
representation. 

Solution B2. With two hs we get a mediocre fit, /d.o.f. = 72/(22 - 3), for s^/^ below 1 GeV, 
and the values of the parameters are 

Bo =(2.30 ± 0.17) X 10^, = -267 ± 750, zi = 103 ± 11 MeV; s^/^ < 1.1 GeV . (A.llb) 

Actually, (A.llb) is valid up to s^/^ ~ 1.2 GeV. Above 1 GeV we simply write a polynomial fit: 



S^^\s) = (-0.051 ± 0.004) + a( — 

2 V / V ^ Vl< 



l]+b{——.-l 



2 



GeV' ; VlGeV' J ' (A.llc) 
a = - 0.081 ± 0.033, b = 0.042 ± 0.005; s > 1.0 GeV . 

The incompatibilities between the three sets of experimental data (obvious from a look at Fig. 6.4.1 
in the main text), probably related to those for the S2 wave, preclude a better fit. We can include 
inelasticity, 

r?^ (s)=l-c(l-Meys)3/2, Meff = 0.96GeV, c = 0.12±0.12; 

, (A. lid) 

5^/2 > 0.96 GeV . 



b'2 



The fit returns a good value for the scattering length, and also for the effective range parameter, 

(2). 

= (2.20 ± 0.16) X 10"^ M^-5; 6^ ^ = (-5.75 ± 1.26) x 10"^ M^''^, (A.lle) 
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to be compared with what we found using the Proissart-Gribov representation (Sect. 7.5), which 
gives very precise results, 

o^^^ = (2.22 ± 0.33) X 10-'' M^'^- b^^'> = (-3.34 ± 0.24) x 10"^ M^''^. 

Solution B4. With four parameters Bi, and including also the data of Cohen et al. (1973) one 
gets, 



Bo =(1-94 ±0.14) X 10^ Bi = (10.15 ± 1.3) X 10^ = (18.68 ± 2.4) x 10^ 
Bs = (-31.04 ± 5.5) X 10^ Z\ = 218 ± 22 MeV . 



The errors here correspond to 3 a. One has /d.o.f. — 57/(25 — 5) and the fit returns the values 
of the low energy parameters 

^ = (2.04 ± 0.5) X lO"-* M'^ b'i^ = (1.6 ± 0.3) x 10"^ M"^. (A.12b) 

The large values of the parameters Bi, and the incompatibility of the three data sets, makes one 
suspect that the corresponding minimum is spureous, but it represents resonably well the data. 

A.8. The F wave 

For the imaginary part of the F wave below s^/^ = 1.42 GeV we write a background plus the tail of 
a Breit-Wigner formula for a resonance. The background is obtained fitting the low energy phase 
shifts of Protopopescu et al. (1973), plus the scattering length as given by the Proissart-Gribov 
representation. The resonance is the with its properties taken from the Particle Data Tables: 

/ k{s) V'__ Mlr^ 



Im/3(s)=— BR 



P3 



cot6s{s) = '^M^ 1^0 + ^1^ , ^f^h .^' = 1.5 GeV (A.13) 



l + cot^^g \k{MX)J {s-MlY+Min{k{s)/k{Ml)Y^' 

= 1.69 GeV, F = 0.161 GeV, BR = 0.24; 
Bq = (1.07 ± 0.03) X 10^ Bi = (1.35 ± 0.03) x 10^ 

This implies ag = (7.0 ± 0.8) x 10"^ M''^ . 

The contribution of the F wave to all our sum rules is very small; the interest of calculating 
it lies in that it provides a test (by its very smallness) of the convergence of the partial wave 
expansions. 

A. 9 The G waves 

For the GO wave, we take its imaginary part to be given by the tail of the /4(2050) resonance, with 
its properties as given in the Particle Data Tables: 



k{Ml) ) is- MlY + Min{k{s)/k{Ml)Y^ ' (A.14) 
s^/^ > 1 GeV . BR = 17 ± 2, Mj^ = 2025 ± 8 MeV, T = 194 ± 13 MeV . 
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For the wave G2, we can write, neglecting its eventual inelasticity, 

cot 6^^\s) = B, B = (-7.8±3.3) X 10^ s^/^>lGeV. (A.15) 

It should be noted that this last, as well as the expression above for the GO wave, are little more 
than order of magnitude estimates. Moreover, at low energies they certainly fail; an expression in 
terms of the scattering length approximation (cf. Subsect. (6.5.4)) is more appropriate. Thus, if, 
in a calculation, the value of either of the two G waves is important, it means that the calculation 
will have a large error. 

Appendix B: The conformal mapping method 

Let us consider a function, /(z), analytic in a domain, I); for example, this domain may be a plane 
with two cuts, as for the partial wave amplitudes; see e.g. Fig. 6.3.1 in the main text. According 
to general theorems (sec. e.g., Ahlfors, 1953), it is always possible to map the interior of this 
domain into the interior of the disk Z\(0, 1), with center at the origin and unit radius. Let us call 
w = w{z) to the corresponding variable. Then, in this variable, / is analytic inside Z\(0, 1) and 
thus the ordinary Taylor expansion in terms of w is absolutely and uniformly convergent in A{0, 1). 
Therefore, undoing the mapping, it follows that we can write 

oo 

/(^) = ^c„w;(^)", (B.l) 

and this expansion is absolutely and uniformly convergent inside all of V. 

It is important to realize that the representation (B.l) does not imply any supplementary 
assumption on f{z) besides its analyticity properties; the convergence of (B.l) and the analyticity 
of / in 2? are strictly equivalent statements. 

We next say a few words about the specific situations we encountered in the main text.®° In 
some cases we have a function / analytic inside V except for a pole at zq. Then the function 

ip(z) = [z- zo)f{z) 

is analytic inside V and it is ip that can be expanded as in (B.l). In some other cases, we have a 
function f{z) analytic inside 2?, with a zero at zq. Of course, this zero does not spoil the analyticity, 
so we could expand / itself. But, because the expansion of a function converges best if the function 
varies little, we have interest in extracting this zero and write 

f{z) = {z- zo)il){z), 

expanding then V', which has the same analyticity properties as /. 

®° Further discussion (with references) of the present method, and also of other similar ones (for example, 
mapping into an ellipse and expanding in a Legendre or Tchebycheff series there, the second in principle 
the more efficient procedure), applied in particular to tttt scattering, may be found in the reviews of 
Pisut (1970) and Ciulli (1973). The question of the stability of extrapolations is also discussed there. 
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The gain in convergence and stability obtained by expanding in the conformally transformed 
variable is enormous. The reader may verify this with the simple example of the function log(l+a;). 
Here the region V is the complex plane cut from — oo to —1. If we expand in powers of x, 

log(l + x) = -V^^ (B.2) 
; n 

n=l 

then for e.g. x ^ 1/2 we need five terms for a 1% percent accuracy. 

In this case the expansion in the conformal variable can be made explicitly. The transformation 
that maps V into ^(0, 1) is 

+ - 1 



■w{x 



(i + x)i/2 + r 



with inverse x = 2w/{l — w). Substituting this into log(l + x), we get the expansion in the 
conformally transformed variable 



oo ^ 

log(l + x) = 4 J2 - 



n=oaa 



{i + xy/^-i 

(l + a;)V2 + i 



(B.3) 



If using this expansion, only two terms are necessary for an accuracy of a part in a thousand for 
X ~ 1/2. Even for x = 25, very far from the region of convergence of (B.2), the expansion (B.3) still 
represents the function closely: only three terms in (B.3) are necessary to get a precision better 
than 2%.6i 

This economy is also apparent in our parametrizations of the partial waves or the Omnes 
auxiliary function G{t), where only two, or in one case three terms, are necessary. Indeed, the 
simplicity and economy of our parametrization contrasts with some of the complicated ones found 
in the literature. Thus, for example, Colangelo, Gasser and Leutwyler (2001), who take it from 
Schenk (1991), write 

2sl/2 s - SB. 1 

cot - fc2i+i 4^2 -SR A + Bk^ + Ck^ + Dk^ • ^ ■ 

For the P wave, they need these four parameters A, B, C, D (apart from the squared mass of the 
resonance, sr) when we only require two. Moreover, (B.3) only converges in the shaded disk in 
Fig. 3.1.2 (but it is used in the whole range, which is a recognized cause of unstability) and, in 
general, presents complex singularities, hence violating causality. 

It s true that (B.4) is only used by Schenk and by Colangelo et alii in the physical region; 
this, in fact, is one of its disadvantages: our parametrization can be used in all the cut complex 
plane and is therefore suited to discuss effects such as location of the poles associated with the 
resonances or the Adler zeros for the S waves. As a graphical example (Fig. B.l), consider the 
phase 5q°^ as given by Colangelo, Gasser and Leutwyler (2001); for s^/^ < 0.8 GeV it agrees, at 



^^In this example we compaxe the virtues of (B.l), (B.3) as expansions, for simplicity; in the main text, 
they are, however, used to Bt. Thus, we should really give ourselves the values of log(l + x) at a series 
of points, xi, X2, ■ ■ ■ Xn and fit with (B.l), (B.3). The improvement is less spectacular than before, but 
it is still substantial. 
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Figure B.l. The SO wave phase shifts corresponding to (B.5) 
(continuous line) and Colangelo, Gsisser and Leutwyler (2001), 
dashed hne. 



the percent level, with the phase shift given by 

,1/2 ^.^2 ^2 



cot.r(^)~^. 



M2 



/s + V So - s 



Bo 



(B.5) 



,1/2 



2M 



K- 



xVd.o.f. = 11.1/(19 - 4). 



= 836, Bo = 29, Bi = 39, B2 = 32. 



[This is slightly displaced from the solution (6.4.12) in the main text]. However, the CGL phase goes 
berserk above 0.9 GeV, while (B.5) continues to represent it fairly well up to the KK threshold: 
see the accompanying figure. It is also likely that at least some of the wiggles that the CGL solution 
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presents (for example, the one below and around 0.8 GeV, clearly seen in the figure) are due to 
the unstability of the Schenk expansion. 

It may be argued that, even if using Schenk's parametrization, one can get at fi{s) outside the 
physical region indirectly via Roy's equations. Using ours, however, you can get that both directly 
and via Roy's equations, which provides useful consistency tests. As an example, we mention that 
the value we obtain for the Adler zero in Eq. (7.6.3), with a simple fit to data and only three 
parameters, namely Z2 — 133 ± 4.5 MeV, is consistent with (and the central value even slightly 
more accurate than) what Colangelo, Gasser and Leutwyler (2001) get with the parametrization of 
Schenk, with five parameters, after imposing fulfillment of the Roy equations and a large number 
of crossing and analyticity sum rules: Z2 — 136 MeV. 

The fact that we manage with a smaller number of parameters is important not only as a 
matter of economy or consistency, but also in that we avoid spureous minima which are liable to 
occur when large number of parameters are present. 

Appendix C: Sum rules and asymptotic behaviour 

Long time ago it was remarked by Pennington (1975) that one can use sum rules, based on crossing 
symmetry, to relate low energy tttt physics to the high energy behaviour of the tttt scattering 
amplitudes. In Pennington's work, experimental phase shifts were used up to s^/^ = 2 GeV and 
the conclusion was drawn that the Regge behaviour of tttt scattering was very different from what 
one could expect on the basis of factorization. 

This conclusion could perhaps be maintained in 1974, when Pennington wrote his paper. First 
of all, the phase shifts used were those of the Cern-Munich experiment, which, as discussed in 
Sect. 6.6 here, bear little resemblance to reality -as we now know. Secondly, the QCD theory of 
strong interactions (in which factorization is automatic) was not established at the time, when 
indeed it competed with other, very different ones; string theories, for example. And finally (in 
both senses of the word), experimental data on various tttt cross sections between 1.2 and 6 GeV 
(Cohenet al., 1973; Robertson, Walker and Davis, 1073; Hanlan et al., 1976 and Abramowicz et 
al., 1980) have fully confirmed the standard Regge picture, as described in Sect. 2.4 in the main 
text. 

Unfortunately, Ananthanarayan, B., et al. (2001) et al have, without looking carefully enough 
at the foundations of the paper of Pennigton (1975), accepted its conclusions. And in this they 
have been followed by a number of modern authors, quoting the result uncritically. In view of this 
we have considered useful to give a brief discussion of the matter in this Appendix, in which we 
will show that standard Regge theory, as reviewed here in Sect. 2.4, is perfectly compatible (within 
errors) with low energy tttt scattering provided we consider "low energy" to mean s^^^ less than 
1.42 GeV, and we apply Regge formulas consistently above this energy. 

First of all, we remark that the experimental cross sections, as deduced from the fits to exper- 
iment carried in Chapter 6 here, produce cross sections that, at s^^'^ ~ 1.4 GeV, agree with what 
we get from the Regge formulas. A complete set of figures may be seen in Sect. 2.4 and in Pelaez 
and Yndurain (2003); here we only add that for isospin zero exchange, a fairly impressive one. 

We next turn to the sum rules which, as explained, relate high (s^/-^ > 1.42 GeV) and low 
energy, with the low energy given by the P, D, F waves in the region s^/^ < 1.42 GeV and where the 
high energy is dominated by, respectively, the rho and Pomeron Regge trajectories. We will explore 
explicitely only two of them; we remark that the equality of the determinations of the parameters 
ai, bi from the pion form factor and from the Froissart-Gribov representations (Subsect. 7.3.6) 
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1.1 1.2 1.3 1.4 1.5 (GeV) 

Figure C.l. The average cross section ^[2ct^o^+ + a^a^o], which 
is pure It = 0, arbitrarily normahzed. Broken line: experimental 
cross section. Note that the bump here is due to the coincidence of 
two resonances, /o(1270), /2(1370), mostly elastic, around s^^^ ~ 
1.3 GeV. Thick gray line: Regge formula. The thickness of the line 
covers the error in the theoretical value of the Regge residue. 



provide other, highly nontrivial tests of the compatibility of Regge behaviour (in that case, of rho 
exchange) with ,s, u and t crossing, wliich all three enter into the Froissart-Gribov projection. 

The first sum rule is obtained by profiting from the threshold behaviour to write an unsub- 
tracted forward dispersion relation for the quantity F^^"^^\s, 0)/(s — 4M^). One gets 

TT TvJm2 (s-4M2)2 J 

which is known at times as the (second) Olsson sum rule; see e.g. Martin, Morgan and Shaw (1976). 
C^j"' are the s — u crossing matrix elements. Canceling a\ with the Froissart-Gribov expression 
for this quantity and substituting the C^j"^ we find the result 

/•°° , ImF(^*=i)(s,4M2) -ImF(^*=i)(s,0) 
I = h + h = as 5 

(C.2) 
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The second term, I2, can also be expressed in terms of amplitudes with fixed isospin in the t 
channel, writing 

The contributions of the S waves cancel in (C.2), so only the P, D and F waves contribute 
(we systematically neglect waves G and higher). At high energy, I2 contributes little since the 
corresponding integral converges rapidly: most of the high energy contribution comes from the 
first term, dominated by rho exchange. We will use units so that = 1 and obtain the following 
results: 

/(low energy) = —3.5 x 10~^, 
/(high energy (Regge), p) = 3.46 x 10"^, (C.4) 
/(high energy (Regge), / = 0) = -0.19 x 10"^. 

By "low energy" we understand, as usual, the contributions from energies below 1.42 GeV, where 
we use phase shifts and inelasticities to calculate the scattering amplitudes, and "high energy" 
is above 1.42 GeV, where a Regge description is employed. Our Regge parameters are those in 
Sect. 2.4. 

Adding the (small) contributions of the It — ^ background and the (also small) It — 2 piece 
we find 

/= (0.02 ± 0.4) X 10-^ (C.5) 

that is to say, perfect consistency. 

The second sum rule we discuss is that given in Eqs. (B.6), (B.7) of Ananthanarayan et al. 
(2001), which these authors use to claim a Pomeron with a residue a third of its standard value. 
It reads, 

'4ImF'(0)(s,0) - 10ImF'(2)(s,0) 



J: 



f ^4 



S2(s-4M2)2 

(C.6) 



,^ Im/-^W(,s,0)-ImFW(.s,0) 
■ ^^^^ - ^"^-^ a2(.-4M2)3 = 0- 



Here F'^^\s,t) = dF^^\s,t)/d cos 0, and the upper indices refer to isospin in the s channel. 
We will separate J into a low energy and a high energy piece: 

J = J\.e. + Jh.e.', J\.e. = ds . . . , Jh.e. = / ds . . . . 

JiM^ Jsh 



(C.7) 



The low energy piece, Ji.e., only contains contributions of waves D and higher. We will show that, 
if we choose (as we are doing systematically) Sh — 1.42^ GeV'^, then we find cancellation, within 
errors. 

For the low energy piece we use the parametrizations of Appendix A and get, with M^- = 1, 

Ji.e. = (1.15 ± 0.05) X 10-^. (C.8) 

For the high energy piece we first neglect the P' and /^ = 2 exchange pieces. Expanding in 
amplitudes with definite isospin in the t channel, and with the numbers in Sect. 2.4 for the Pomeron 
and rho contributions, we then get 

Jh.e. (Pomeron) = -1.093 x 10~^, Jh.e. ((Regge) p) = 0.034 x 10~^, 
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i.e., including errors, 

Jh.e. = (-1-06 ± 0.17) X 10-''. (C.9) 

Thus, we have cancellation between (C.8) and (C.9), within errors: there is no reason to justify 
departure off the expected Regge behaviour. 

We next comment a little on the P' and on the inclusion of the It = 2 contribution. Because the 
high energy part of the sum rule is mostly given by the t derivative of the even isospin amplitudes, 
a more precise evaluation than the one carried here requires an accurate formula for the P'. 
Unfortunately, the characteristics of this Regge pole are poorly known; see e.g. Rarita et al. (1968). 
If we take for the the P' trajectory a formula like that of the p, as discussed in Sect. 2.4, then 
(C.9) changes to 

Jh.e. (With P') = (-1.2 ± 0.2) X 10-"*. 
Including also the It = 2 contribution, as given in Pelaez and Yndurain (2003), we would find 

Jh.e. (With P', and including PY/t = 2) = (-0.5 ± 0.3) x 10"^. (C.IO) 

This only cancels the low energy piece, (C.8), at the 2a level. This discrepancy cannot be taken 
seriously, because the t slope for the It = 2 exchange term of Pelaez and Yndurain (2003) is little 
more than guesswork. In fact, one can reverse the argument and use (C.6) to get an idea of the 
parameters of isospin 2 exchange. Thus, if we take for It =2 exchange the parameters of Sect. 2.4, 
Eqs. (2.4.7), we get 

Jh.e. (With P', and including (2.4.7) h = 2) = (-0.93 ± 0.24) x lO"'', (C.ll) 
i.e., Jh.e. + Jh.e. = (0.22 ± 0.24) x 10'^: perfect cancellation, within errors. 
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